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❝❛ ❡ ♦❢  ✉ ❡ ♥❛ ✐♦♥❛❧✐③❛ ✐♦♥✱ ❤❡ ❝♦♥❝❧✉❞❡   ❤❛   ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦  ✐   ❤❡ ❡①❤❛✉  ✐♦♥ ♦❢
 ❤❡  ❡ ♦✉ ❝❡ ✐♥ ✜♥✐ ❡  ✐♠❡✳ ❚ ✉  ❛♥❞ ❩❡♠❡❧ ❬✶✸❪ ❞❡❛❧ ✇✐ ❤  ❤❡ ♠❛♥❛❣❡♠❡♥  ♦❢ ❣ ♦✉♥❞✇❛ ❡ 
✉♥❞❡   ❤ ❡❛   ♦❢ ❝❛ ❛   ♦♣❤✐❝ ❡✈❡♥  ✳ ❚❤❡② ❞✐  ✐♥❣✉✐ ❤ ❡♥❞♦❣❡♥♦✉  ❛♥❞ ❡①♦❣❡♥♦✉  ❡✈❡♥  ✳
❊♥❞♦❣❡♥♦✉  ❡✈❡♥   ❤❛♣♣❡♥ ✐❢ ❛ ❝ ✐ ✐❝❛❧   ♦❝❦ ❧❡✈❡❧ ✐   ❡❛❝❤❡❞✳ ❈♦♥❝❡ ♥✐♥❣ ❡♥❞♦❣❡♥❡♦✉ 
❡✈❡♥  ✱  ❤❡②  ❤♦✇  ❤❛  ✐❢  ❤❡ ❡✈❡♥  ✐  ❝❡  ❛✐♥✱  ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦  ✐  ♥♦   ♦ ❛  ✐✈❡ ❛   ❤❡
❝ ✐ ✐❝❛❧ ❧❡✈❡❧ ❛♥❞ ✐❢ ✐  ✐  ✉♥❝❡  ❛✐♥✱ ✐  ✐  ♦♣ ✐♠❛❧  ♦ ✐♥❝ ❡❛ ❡ ❡①  ❛❝ ✐♦♥ ✳ ❲✐ ❤  ❡❣❛ ❞   ♦
❡①♦❣❡♥❡♦✉  ❡✈❡♥  ✱  ❤❡ ❡✈❡♥  ❝❛♥ ❜❡ ✐  ❡✈❡  ✐❜❧❡ ♦   ❡✈❡  ✐❜❧❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ ✐  ✐♥❝ ❡❛ ❡ 
❝♦   ✳ ■♥ ♦✉    ✉❞②✱ ✇❡ ✇✐❧❧ ✐♥  ♦❞✉❝❡  ✇♦ ❡①♦❣❡♥♦✉  ❛♥❞  ❡✈❡  ✐❜❧❡  ❤♦❝❦  ✇❤✐❝❤ ♠❛② ♦❝✲
❝✉  ❜❡❝❛✉ ❡ ♦❢  ❤❡ ❧❛❝❦ ♦❢ ✇❛ ❡ ✳ ❲❡ ♣ ♦✈❡  ❤❛ ✱ ❡✈❡♥ ✐♥ ❛  ✐♠♣❧❡ ❝❛ ❡ ♦❢ ❞ ♦✉❣❤ ✱ ✇❤❡ ❡
 ❤❡ ❡✈❡♥  ✐  ❞❡ ❡ ♠✐♥✐  ✐❝✱ ❡①♦❣❡♥♦✉  ❛♥❞  ❡✈❡  ✐❜❧❡✱  ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦  ❝♦♥ ✐    ✐♥  ❤❡
❡♥❝♦✉ ❛❣❡♠❡♥  ♦❢ ❡①  ❛❝ ✐♦♥  ❜❡❢♦ ❡  ❤❡ ❡✈❡♥ ✱  ♦ ❝♦♠♣❡♥ ❛ ❡ ❢♦  ❢✉ ✉ ❡ ❧♦  ❡ ✳ ❲❡ ❝❛♥
✜♥❞  ❤✐   ❡ ✉❧  ✐♥  ❤❡ ❡①✐  ✐♥❣ ❧✐ ❡ ❛ ✉ ❡ ✐♥ ❛♥♦ ❤❡  ❝♦♥ ❡① ✳ ■♥ ❢❛❝ ✱ ✐♥ ❬✽❪✱ ▲♦♥❣ ❛♥❞ ❙✐♥♥
❛♥❛❧② ❡  ❤❡ ✐❞❡❛  ❤❛  ❛♥ ✐♥❝ ❡❛ ❡ ✐♥  ❤❡ ♣ ✐❝❡ ♦❢ ♦✐❧ ✇✐❧❧   ✐♠✉❧❛ ❡  ❤❡ ❡①  ❛❝ ✐♦♥ ♦❢ ♦✐❧ ❛ 
 ❤❡  ✐♠❡ ♦❢ ❛♥♥♦✉♥❝❡♠❡♥  ❛♥❞✱ ✐♥ ❛  ❡❝❡♥  ♣❛♣❡ ✱ ❬✸❪✱ ❉✐ ▼❛ ✐❛✱ ❙♠✉❧❞❡   ❛♥❞ ❱❛♥ ❉❡ 
❲❡ ❢ ✜♥❞  ❤❛ ✱ ✇❤❡♥ ❛❧❧♦✇✐♥❣  ♦♠❡  ✐♠❡ ❜❡ ✇❡❡♥ ❛♥♥♦✉♥❝❡♠❡♥  ❛♥❞ ✐♠♣❧❡♠❡♥ ❛ ✐♦♥ ♦❢ ❛
❝❛♣ ♦♥ ❝❛ ❜♦♥ ❞✐♦①✐❞❡ ❡♠✐  ✐♦♥ ✱ ❡♠✐  ✐♦♥  ❢ ♦♠ ♥♦♥✲ ❡♥❡✇❛❜❧❡ ❡♥❡ ❣②  ♦✉ ❝❡  ✐♥❝ ❡❛ ❡ ❛ 
 ❤❡  ✐♠❡ ♦❢ ❛♥♥♦✉♥❝❡♠❡♥ ✳
✷❚❤✐  ♣❛♣❡  ✐  ♦ ❣❛♥✐③❡❞ ✐♥  ❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ■♥  ❡❝ ✐♦♥ ✷✱ ✇❡ ♣ ❡ ❡♥  ❛ ♠♦❞❡❧ ♦❢ ❡①✲
  ❛❝ ✐♦♥ ♦❢ ❣ ♦✉♥❞✇❛ ❡  ❛  ✐♥✜♥✐ ❡  ✐♠❡✳ ❲❡  ❤❡♥ ✐♥  ♦❞✉❝❡  ✇♦ ❡①♦❣❡♥♦✉   ❤♦❝❦  ✇❤✐❝❤
✐♥❝♦ ♣♦ ❛ ❡  ❤❡ ✐❞❡❛ ♦❢  ❤❡ ❧❛❝❦ ♦❢ ✇❛ ❡ ✳ ■♥  ❡❝ ✐♦♥ ✸✱ ✇❡ ♠❛❦❡ ❛ ♥✉♠❡ ✐❝ ✐❧❧✉   ❛ ✐♦♥
✇❤❡ ❡ ✇❡ ❛♥❛❧②③❡  ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦  ✐♥  ❤❡  ❤♦   ❛♥❞ ❧♦♥❣✲ ✉♥✱ ❛  ✇❡❧❧ ❛   ❤❡ ✐♠♣❛❝  ♦❢
 ❤❡ ✈❛ ✐♦✉  ❝♦    ♦❢  ❤❡ ♠♦❞❡❧ ♦♥  ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦ ✳ ❋✐♥❛❧❧②✱ ✐♥  ❡❝ ✐♦♥ ✹✱ ✇❡ ❝♦♥❝❧✉❞❡
✐♥ ❣✐✈❡  ♦♠❡ ♣❡  ♣❡❝ ✐✈❡  ❢♦  ❢✉ ✉ ❡  ❡ ❡❛ ❝❤✳
✷ ❚❤❡ ♠♦❞❡❧
✷✳✶ ❆  ✐♠♣❧❡ ❣ ♦✉♥❞✇❛ ❡  ♠♦❞❡❧
❲❡ ❜❛ ❡ ♦✉  ❛♥❛❧② ✐  ♦♥ ❛  ✐♠♣❧❡ ❣ ♦✉♥❞✇❛ ❡  ❡①  ❛❝ ✐♦♥ ♠♦❞❡❧ ✭ ❡❡ ❢♦  ❡①❛♠♣❧❡ ●✐  ❡ 
❛♥❞ ❙❛♥❝❤❡③ ❬✺❪✱ ❚ ✉  ❛♥❞ ❩❡♠❡❧ ❬✶✹❪✱ ❘♦ ❡ ❛✲ ❛❧♠❛ ✷✵✵✷ ❬✶✶❪ ❛♠♦♥❣ ♦ ❤❡  ✮✳ ❈♦♥ ✐❞❡ 
❛ ❣ ♦✉♥❞✇❛ ❡    ♦❝❦✱ G(t) ✇✐ ❤ ❛ ❝♦♥  ❛♥   ❡❝❤❛ ❣❡  ❛ ❡ r ✇❤✐❝❤ ✐  ✉ ❡❞ ❢♦  ❛❣ ✐❝✉❧ ✉ ❛❧
♣ ♦❞✉❝ ✐♦♥✳ ❚❤❡ ❣ ♦✉♥❞✇❛ ❡    ♦❝❦ ❡✈♦❧✈❡  ❛❝❝♦ ❞✐♥❣  ♦  ❤❡ ❢♦❧❧♦✇✐♥❣ ❡ ✉❛ ✐♦♥ ✶✿
˙ G = −g + r
✇❤❡ ❡ g(t)  ❤❡ ❛♠♦✉♥  ♦❢ ✇❛ ❡  ♣✉♠♣❡❞✳ ❆  ✐♥ ❘♦ ❡ ❛✲ ❛❧♠❛✱ ❬✶✶❪✱❬✶✷❪ ❧❡  y(g(t)) ❜❡  ❤❡
❛❣ ✐❝✉❧ ✉ ❛❧ ♣ ♦❞✉❝ ✐♦♥ ❢✉♥❝ ✐♦♥ ❛♥❞ py  ❤❡ ✉♥✐  ♣ ✐❝❡ ♦❢ ♣ ♦❞✉❝ ✐♦♥✳ ■♥ ❝♦♥  ❛    ♦ ❘♦ ❡ ❛✲
 ❛❧♠❛✱ ❝♦♥ ✐❞❡   ❤❛   ❤❡ ❡ ❛ ❡  ✇♦  ②♣❡  ♦❢ ❝♦   ✿ ❡①  ❛❝ ✐♦♥ ❝♦    ce(G,g)✱  ♦ ♣✉♠♣  ❤❡
✇❛ ❡   ♦  ❤❡  ✉ ❢❛❝❡✱ ❛♥❞ ❝♦♥✈❡②❛♥❝❡ ❝♦   ✱ cc(g)  ♦ ❜ ✐♥❣  ❤❡ ✇❛ ❡  ❢ ♦♠  ❤❡ ✇❡❧❧  ♦  ❤❡
✜❡❧❞✳ ▼♦ ❡♦✈❡ ✱ ❛  ✉♠❡ ❡①  ❛❝ ✐♦♥ ❝♦    ♦❢  ❤❡ ❢♦ ♠✿ c(G)g✱ ✇✐ ❤ c(G)  ❤❡ ❞❡❝ ❡❛ ✐♥❣
✉♥✐  ❝♦   ♦❢ ❡①  ❛❝ ✐♦♥✳ ❚❤❡ ✐♥  ❛♥ ❛♥❡♦✉  ♥❡  ❜❡♥❡✜   ❢ ♦♠ ❛❣ ✐❝✉❧ ✉ ❛❧ ♣ ♦❞✉❝ ✐♦♥  ❤❡♥
❛♠♦✉♥   ♦
pyy(g) − c(G)g − cc(g).
❚❤❡ ♣ ♦❜❧❡♠ ✐   ♦ ❝❤♦♦ ❡  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤  ✉❝❤ ❛   ♦ ♠❛①✐♠✐ ❡  ❤❡ ♣ ❡ ❡♥ 
✈❛❧✉❡ ♦❢ ♥❡  ❜❡♥❡✜  ✱ ✇✐ ❤ ρ  ❤❡ ❞✐ ❝♦✉♥   ❛ ❡✱  ❛❦✐♥❣ ✐♥ ♦ ❛❝❝♦✉♥   ❤❡ ❡✈♦❧✉ ✐♦♥ ♦❢  ❤❡





[pyy(g) − c(G)g − cc(g)]e−ρt dt ✭✶✮
s.c ˙ G = −g + r ✭✷✮
G(0) = G0 ❣✐✈❡♥✱ ✭✸✮
❛♥❞ g ≥ 0 G ≥ 0. ✭✹✮
✶❲❡ ♦♠✐   ❤❡  ✐♠❡ ✐♥❞✐❝❛ ♦  ✐♥ ❛❧❧ ❢♦❧❧♦✇✐♥❣ ❡ ✉❛ ✐♦♥ ✱ ✇❤❡♥❡✈❡   ❤✐  ✐  ♣♦  ✐❜❧❡ ✇✐ ❤♦✉  ❝❛✉ ✐♥❣ ♠✐ ✲
✉♥❞❡   ❛♥❞✐♥❣ ✱ ✐♥ ♦ ❞❡   ♦ ♠❛❦❡ ❡ ✉❛ ✐♦♥  ♠♦ ❡ ❡❛ ✐❧②  ❡❛❞❛❜❧❡✳
✸❚❤❡  ❡ ♦✉ ❝❡   ♦❝❦ ❛   ❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢  ❤❡ ♣ ♦❜❧❡♠ ✐  ❦♥♦✇♥ ✭❡ ✉❛ ✐♦♥ ✸✮✳ ❚❤❡ ❡①  ❛❝ ✐♦♥
✈♦❧✉♠❡ ❛♥❞  ❤❡  ❡ ♦✉ ❝❡   ♦❝❦ ❝❛♥♥♦  ❜❡❝♦♠❡ ♥❡❣❛ ✐✈❡✱ ❛    ❛ ❡ ❝♦♥❞✐ ✐♦♥  ✭✹✮✳ ❚❤❡
❍❛♠✐❧ ♦♥✐❛♥ ♦❢  ❤✐  ♣ ♦❜❧❡♠ ✐  ❣✐✈❡♥ ❜②✿
H = pyy(g) − c(G)g − cc(g) + λ(−g + r), ✭✺✮
✇❤❡ ❡ λ ✐   ❤❡ ❛❞❥♦✐♥  ✈❛ ✐❛❜❧❡✳ ❆♣♣❧②✐♥❣  ❤❡ ♠❛①✐♠✉♠ ♣ ✐♥❝✐♣❧❡ ❛♥❞  ✉♣♣♦ ✐♥❣ ✐♥ ❡ ✐♦ 
 ♦❧✉ ✐♦♥ ✱ ✇❡ ❤❛✈❡  ❤❡ ✉ ✉❛❧ ✜    ♦ ❞❡  ❝♦♥❞✐ ✐♦♥ ✿
∂H
∂g







˙ λ = −
∂H
∂G
+ ρλ ⇒ ˙ λ =
∂c
∂G
g + ρλ. ✭✼✮
❊ ✉❛ ✐♦♥ ✭✻✮   ❛ ❡   ❤❛  ♠❛ ❣✐♥❛❧ ❜❡♥❡✜   ❢ ♦♠ ❛❣ ✐❝✉❧ ✉ ❛❧ ♣ ♦❞✉❝ ✐♦♥ ❡ ✉❛❧ ♠❛ ❣✐♥❛❧
❝♦   ✱ ❞❡❝♦♠♣♦ ❡❞ ✐♥ ♠❛ ❣✐♥❛❧ ❡①  ❛❝ ✐♦♥ ❝♦   ✱ ♠❛ ❣✐♥❛❧ ❝♦♥✈❡②❛♥❝❡ ❝♦    ❛♥❞  ❤❡ ❝♦   ♦❢
❡①  ❛❝ ✐♦♥  ♦❞❛②✱  ❛ ❤❡   ❤❛♥  ♦♠♦  ♦✇✱ ❡①♣ ❡  ❡❞ ✐♥  ❤❡  ❤❛❞♦✇ ♣ ✐❝❡✱ λ✳ ❊ ✉❛ ✐♦♥ ✭✼✮
  ❛ ❡   ❤❛   ❤❡ ❣ ♦✇ ❤ ♦❢  ❤❡  ❤❛❞♦✇ ♣ ✐❝❡ ❞❡♣❡♥❞  ♦♥  ❤❡ ♦♣♣♦  ✉♥✐ ② ❝♦   ❡①♣ ❡  ❡❞ ✐♥
 ❤❡ ❞✐ ❝♦✉♥   ❛ ❡ ❛♥❞  ❤❡   ♦❝❦ ❡✛❡❝ ✱ ✇❤✐❝❤ ❞❡ ❝ ✐❜❡   ❤❡ ✐♠♣❛❝  ♦❢ ❡①  ❛❝ ✐♦♥ ♦♥ ✉♥✐ 
❡①  ❛❝ ✐♦♥ ❝♦   ✳
❋♦   ♦♠❡ ❢✉♥❝ ✐♦♥❛❧ ❢♦ ♠ ✱  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤ ✱ G(t)∗ g(t)∗ ❛♥❞ λ(t)∗ ❝❛♥ ❜❡
 ♦❧✈❡❞ ❢♦  ❛♥❛❧② ✐❝❛❧❧②✱ ❛  ✇❡  ❡♠❡♠❜❡  ✐♥  ❤❡ ❆♣♣❡♥❞✐① ✭❆✳✶✳✶✮✳
✷✳✷ ❚✇♦ ❡①♦❣❡♥❡♦✉   ❤♦❝❦ 
■♥  ❤✐   ❡❝ ✐♦♥✱ ✇❡ ❛ ❡ ❣♦✐♥❣  ♦ ❛❞❞  ✇♦ ❡①♦❣❡♥♦✉   ❤♦❝❦   ♦ ♦✉  ✐♥✐ ✐❛❧ ♣ ♦❜❧❡♠✱✭ ❡❡  ❡❝ ✐♦♥
✶✳✶✮✳ ❇♦ ❤  ❤♦❝❦   ❡♣ ❡ ❡♥   ✇♦ ❞✐ ❡❝  ❝♦♥ ❡ ✉❡♥❝❡  ♦❢ ❛ ❞ ♦✉❣❤ ✳ ❖♥  ❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡
❛ ❡ ❣♦✐♥❣  ♦ ♠♦❞❡❧ ❛♥ ✐♥❝ ❡❛ ❡ ✐♥  ❤❡ ❝♦    ♦❢ ❡①  ❛❝ ✐♦♥  ❛   ❤❡ ❦♥♦✇♥ ♠♦♠❡♥  ta✳ ❲❡
❛  ✉♠❡  ❤❛   ❤❡ ❣♦✈❡ ♥♠❡♥  ✐♠♣❧❡♠❡♥   ❛ ❧❛✇  ❤❛  ✐♥❝ ❡❛ ❡   ❤❡ ❝♦    ♦❢ ❡①  ❛❝ ✐♦♥ ♦❢  ❤❡
❝♦♠♠♦♥ ❣ ♦✉♥❞✇❛ ❡   ❡ ♦✉ ❝❡ ❜❡❝❛✉ ❡ ♦❢ ❛ ♣ ❡❞✐❝ ❛❜❧❡ ❞ ♦✉❣❤ ✳ ❚❤✐  ♠❡❛ ✉ ❡ ✇✐❧❧  ❛❦❡
♣❧❛❝❡ ❢ ♦♠  ❤❡ ♠♦♠❡♥  ta ♦♥ ✭❣✐✈❡♥✮✳ ❖♥  ❤❡ ♦ ❤❡  ❤❛♥❞✱ ✇❡ ❛ ❡ ❣♦✐♥❣  ♦ ♠♦❞❡❧ ❛ ❞❡❝ ❡❛ ❡
♦❢  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡ ❛   ❤❡ ❦♥♦✇♥ ♠♦♠❡♥  ta✳ ❲❡ ❛  ✉♠❡ ✐♥❞❡❡❞  ❤❛  ♠❡❛♥ ♣ ❡❝✐♣✐ ❛ ✐♦♥ 
❞❡❝ ❡❛ ❡ ✐♥  ❤❡ ❢✉ ✉ ❡✳ ❚❤❡♥✱ ❧❡   ✇❛ ❡  ✇✐❧❧ ❛  ✐✈❡ ✐♥  ❤❡ ❣ ♦✉♥❞✇❛ ❡   ❡ ♦✉ ❝❡✳
✷✳✷✳✶ ❆  ❛✐ ❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦   





[pyy(g) − ce(G,g) − cc(g)]e−ρt dt ✭✽✮
ce(G,g) =
￿
c(G)g ✐❢ t ≤ ta
¯ c(G)g ✐❢ t > ta
✭✾✮
✹˙ G = −g + r ✭✶✵✮
G(0) = G0, ❛♥❞ ¯ c > c,ta ❣✐✈❡♥✱ ✭✶✶✮
g ≥ 0 G ≥ 0. ✭✶✷✮
❲❡ ❝❛♥  ♦❧✈❡  ❤❡ ♣ ♦❜❧❡♠ ✐♥  ✇♦   ❡♣ ✳ ❋✐   ✱ ✇❡ ❤❛✈❡  ♦ ✜♥❞ φ(ta,Gta)✱  ❤❡  ❝ ❛♣





[pyy(g) − ce(G,g) − cc(g)]e−ρtdt.
❆❢ ❡   ❤✐ ✱ ♦✉  ♣ ♦❜❧❡♠ ✐   ♦ ✜♥❞ ●✱❣ ❛♥❞ G(ta)  ❤❛  ♠❛①✐♠✐ ❡✿
Z ta
0
[pyy(g) − ce(G,g) − cc(g)]e−ρtdt + φ(ta,Gta),
✇✐ ❤  ❤❡ ❢♦ ♠❡  ❝♦♥❞✐ ✐♦♥ ✳ ❆  ❜❡❢♦ ❡✱ ✇❡ ♠❛② ✇ ✐ ❡  ❤❡ ❍❛♠✐❧ ♦♥✐❛♥ ♦❢  ❤✐  ♣ ♦❜❧❡♠✿
H = pyy(g) − c(G)g − cc(g) + π(−g + r). ✭✶✸✮
✇❤❡ ❡ π ✐   ❤❡ ❛❞❥♦✐♥  ✈❛ ✐❛❜❧❡✳ ❲❡ ❛ ❡ ♥♦✇ ✐♥ ❛ ❢ ❡❡✲❡♥❞♣♦✐♥  ♣ ♦❜❧❡♠✱ ✇✐ ❤ ta ❦♥♦✇♥ ❛♥❞






❚❤❡ ❢✉❧❧  ❡ ♦❧✉ ✐♦♥ ♦❢  ❤✐  ♠♦❞✐✜❡❞ ❡①  ❛❝ ✐♦♥ ♣ ♦❜❧❡♠ ✐  ❞❡❢❡  ❡❞  ♦  ❤❡ ❆♣♣❡♥❞✐①✱ ✭❆✳✶✳✷✮✳
✷✳✷✳✷ ❆ ❞❡❝ ❡❛ ❡ ✐♥  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡
❲❡  ❤❡ ❡❢♦ ❡ ❛  ✉♠❡  ❤❛ ✱ ❢ ♦♠ ta ♦♥✱  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡ ✐   ❡❞✉❝❡❞ ❢ ♦♠ r1  ♦ r2✳ ❚❤❡





[pyy(g) − c(G)g − cc(g)]e−ρt dt ✭✶✺✮
˙ G(t) =
￿
−gt + r1 ✐❢ t ≤ ta
−gt + r2 ✐❢ t > ta
✭✶✻✮
G(0) = G0,ta ❣✐✈❡♥✱ r1 > r2, ✭✶✼✮
g ≥ 0 G ≥ 0. ✭✶✽✮
❲❡  ♦❧✈❡  ❤✐  ♣ ♦❜❧❡♠ ✐♥  ❤❡  ❛♠❡ ✇❛② ❛   ❤❡ ♣ ❡✈✐♦✉  ♦♥❡✳
✺✸ ❆♥ ✐❧❧✉   ❛ ✐♦♥
✸✳✶ ❆ ♥✉♠❡ ✐❝❛❧ ❡①❛♠♣❧❡
❚♦ ✐❧❧✉   ❛ ❡ ❣ ❛♣❤✐❝❛❧❧②  ❤❡ ✐♠♣❛❝  ♦❢  ❤❡  ✇♦ ❡①♦❣❡♥❡♦✉   ❤♦❝❦  ♦♥ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥
❞❡❝✐ ✐♦♥ ✱ ✇❡ ♣ ♦♣♦ ❡  ❤❡ ❢♦❧❧♦✇✐♥❣  ✐♠♣❧❡ ❡①❛♠♣❧❡✳ ❲❡  ✉♣♣♦ ❡ ❛❣ ✐❝✉❧ ✉ ❛❧ ♣ ♦❞✉❝ ✐♦♥
✐  ❧✐♥❡❛  ✐♥ ✇❛ ❡  ✐♥♣✉ ✳ ❯♥✐  ❡①  ❛❝ ✐♦♥ ❝♦    ❛ ❡ ❛ ❧✐♥❡❛  ❛♥❞ ❞❡❝ ❡❛ ✐♥❣ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡
✇❛ ❡    ♦❝❦✿ ✇✐ ❤  ❤❡ ❞❡♣❧❡ ✐♦♥ ♦❢  ❤❡ ❣ ♦✉♥❞✇❛ ❡    ♦❝❦✱  ❤❡ ❡①  ❛❝ ✐♦♥ ♦❢ ♦♥❡ ❛❞❞✐ ✐♦♥❛❧
❝✉❜✐❝ ♠❡ ❡  ♦❢ ✇❛ ❡  ✐  ♠♦ ❡ ❛♥❞ ♠♦ ❡ ❡①♣❡♥ ✐✈❡✳ ❈♦♥✈❡②❡♥❝❡ ❝♦    ❛ ❡ ❛♥ ✐♥❝ ❡❛ ✐♥❣
❛♥❞  ✉❛❞ ❛ ✐❝ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡ ✇❛ ❡  ✈♦❧✉♠❡ ✉ ❡❞✿ ✇❛ ❡    ❛♥ ♣♦   ❜❡❝♦♠❡  ♠♦ ❡ ❛♥❞ ♠♦ ❡
❝♦♠♣❧✐❝❛ ❡❞  ❤❡ ❢✉  ❤❡  ❛✇❛②  ❤❡ ✐  ✐❣❛ ❡❞ ✜❡❧❞ ✱ ❢♦  ❡①❛♠♣❧❡ ❜❡❝❛✉ ❡ ♦❢ ♣❤② ✐❝❛❧ ♦❜  ❛❝❧❡ ✳
❈♦♥ ✐❞❡  ❛❣❛✐♥  ❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝ ✐♦♥❛❧ ❢♦ ♠  ✇❤✐❝❤ ✇❡ ♣ ♦♣♦ ❡❞ ❢♦   ❤❡ ❛♥❛❧② ✐❝❛❧  ♦❧✉ ✐♦♥ 
♦❢  ❤❡ ♣ ❡✈✐♦✉   ❡❝ ✐♦♥ ✿




✇❤❡ ❡ b ✐   ❤❡ ♣ ♦❞✉❝ ✐✈✐ ② ❝♦❡✣❝✐❡♥ ✱ γ ❛ ❡ ✐♥♣✉   ♦ ❤❡   ❤❛♥ ✇❛ ❡ ✱ ❢♦  ❡①❛♠♣❧❡ ❢❡  ✐❧✐③❡ 
✭ ❡❡ ❘♦ ❡ ❛✲ ❛❧♠❛ ❬✶✶❪✮✳ Z  ❡♣ ❡ ❡♥    ❤❡ ✉♥✐  ❡①  ❛❝ ✐♦♥ ❝♦    ❢♦   ❤❡ ❧❛   ✉♥✐  ♦❢ ✇❛ ❡ 
♦♥  ❤❡ ❜♦  ♦♠ ♦❢  ❤❡ ❣ ♦✉♥❞✇❛ ❡   ❡ ♦✉ ❝❡✳ C ❞❡ ❝ ✐❜❡   ❤❡  ♣❡❡❞ ❛  ✇❤✐❝❤ ❝♦    ❛✐ ❡ ✇✐ ❤
❞❡❝ ❡❛ ✐♥❣   ♦❝❦ ❧❡✈❡❧ ✳ v ✐  ❛ ❝♦♥✈❡②❛♥❝❡ ❝♦   ♣❛ ❛♠❡ ❡ ✳ b✱γ✱ Z✱ C ❛♥❞ v ❛ ❡ ♣♦ ✐ ✐✈❡ ❛♥❞
❣✐✈❡♥ ♣❛ ❛♠❡ ❡  ✳ ❲❡ ❛❧ ♦ ❤❛✈❡  ♦ ✈❡ ✐❢②  ❤❛  Z − CG > 0 ❢♦  ❛❧❧ G(t)✳
▲❡ ✬  ❝♦♥ ✐❞❡   ❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡ ✐❝❛❧ ✈❛❧✉❡ ✿
ρ = 0.05,p = 10,γ = 0.2,b = 0.8,Z = 2,C = 0.02,v = 0.8,G0 = 100,r = 0.5
❢♦   ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠ ❛♥❞✿
r1 = 0.5, r2 = 0.25, B = 0.005
❢♦   ❤❡  ✇♦ ♣ ♦❜❧❡♠  ✇✐ ❤  ❤♦❝❦ ✷✳
■♥  ❤❡ ❝❛ ❡ ♦❢  ❤❡ ✜     ❤♦❝❦ ✷✳✷✳✶✱  ❤❡ ❝♦  ✲✐♥❝ ❡❛ ❡ ✐  ✇ ✐  ❡♥ ❛ ✿
¯ c(G) = c(G) + B = Z − CG + B.
■♥  ❤❡ ❝❛ ❡ ♦❢  ❤❡  ❤♦❝❦ ✷✳✷✳✷✱  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡ ✐   ❡❞✉❝❡❞ ❢ ♦♠ r1 = 0.5  ♦ r2 = 0.25✳
◆♦ ❡  ❤❛  ✇❤❡♥  ❤❡  ❡ ♦✉ ❝❡ ✐  ❛  ✐   ✐♥✐ ✐❛❧ ❧❡✈❡❧✱ G0 = 100✱  ❤❡ ❡①  ❛❝ ✐♦♥ ❝♦   ✐ ✿
Z − CG = 2 − 2 = 0✳
❋✐❣✉ ❡ ✶ ✐♥❞✐❝❛ ❡   ❤❡  ❤❛♣❡ ♦❢  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤  ♦✈❡   ✐♠❡ ❢♦   ❤❡  ✐♠♣❧❡
❡①  ❛❝ ✐♦♥ ♣ ♦❜❧❡♠ ❞❡ ❝ ✐❜❡❞ ✐♥  ❡❝ ✐♦♥ ✶✳ ❇♦ ❤  ❤❡ ♦♣ ✐♠❛❧ ❣ ♦✉♥❞✇❛ ❡    ♦❝❦ ❛♥❞  ❤❡
♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ✈♦❧✉♠❡ ❛ ❡ ❞❡❝ ❡❛ ✐♥❣ ❛♥❞ ❛♣♣ ♦❛❝❤  ❤❡   ❡❛❞②   ❛ ❡ ❛ ②♠♣ ♦ ✐❝❛❧❧②✳
▲❡  ✉  ♥♦✇ ❞✐ ❝✉    ❤❡ ✐♠♣❛❝  ♦❢  ❤❡  ✇♦ ❡①♦❣❡♥❡♦✉   ❤♦❝❦ ✳
✷❚♦ ✜   ❤❡ ✈❛❧✉❡   ♦  ❤❡  ❡❛❧✐ ②✱ ✇❡ ♠❡❛ ✉ ❡ ✈♦❧✉♠❡  ♦❢ ✇❛ ❡  ✐♥  ❤♦✉ ❛♥❞ ♦❢ m
3 ❛♥❞ ♣ ✐❝❡  ✐♥ ❤✉♥❞ ❡❞ 
♦❢ ❡✉ ♦ ✱ ❢♦  ❡①❛♠♣❧❡  ❤❡ ✐♥✐ ✐❛❧  ❡ ♦✉ ❝❡   ♦❝❦ ✈❛❧✉❡ ✐  100 ∗ 10
3 = 100000m
3 ❛♥❞  ❤❡ ❝♦   ♦❢ ♦♥❡  ♦♥ ♦❢
❛❣ ✐❝✉❧ ✉ ❛❧ ♣ ♦❞✉❝ ✐♦♥✱ ♣✱ ✐  10 ∗ 10
2 = 1000 ❡✉ ♦ ✳
✻G(t) g(t)
❋✐❣✉ ❡ ✶✿ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢   ♦❝❦ G(t) ❛♥❞ ❡①  ❛❝ ✐♦♥ g(t) ✐♥  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠
✸✳✷ ❖♣ ✐♠❛❧ ♣♦❧✐❝② ✇✐ ❤  ❤♦❝❦  ❛   ❤❡   ❡❛❞②   ❛ ❡
❋✐❣✉ ❡ ✷  ❡♣ ❡ ❡♥   ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤  ✐♥  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠ ✭❧✐♥❡✮ ❛♥❞ ❛❢ ❡  ❛  ❛✐ ❡
✐♥ ❝♦    ✭❞✐❛♠♦♥❞ ✮✳ ■♥  ❤❡ ❧♦♥❣  ✉♥✱ ❡①  ❛❝ ✐♦♥ ✐  ♠♦ ❡ ❝♦♥ ❡ ✈❛ ✐✈❡ ❛❢ ❡   ❤❡  ❤♦❝❦✿  ❤❡
  ❡❛❞②   ❛ ❡   ♦❝❦ ✐  ❣ ❡❛ ❡   ❤❛♥ ❜❡❢♦ ❡✳ ❚❤✐  ✐  ❜❡❝❛✉ ❡ ✐♥❝ ❡❛ ❡❞ ❡①  ❛❝ ✐♦♥ ❝♦     ❡♥❞❡ 
❡①  ❛❝ ✐♦♥ ♥♦♥✲♣ ♦✜ ❛❜❧❡ ❢ ♦♠ ❛♥ ❡❛ ❧✐❡  ♣♦✐♥  ✐♥  ✐♠❡ ♦♥✳
❋✐❣✉ ❡ ✸  ❡♣ ❡ ❡♥   ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤  ✐♥  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠ ✭❧✐♥❡✮ ❛♥❞ ❛❢ ❡  ❛
❞❡❝ ❡❛ ❡ ✐♥  ❡❝❤❛ ❣❡  ❛ ❡  ✭❞✐❛♠♦♥❞ ✮✳ ■♥  ❤❡ ❧♦♥❣  ✉♥✱ ❡①  ❛❝ ✐♦♥ ✐  ❧❡   ❝♦♥ ❡ ✈❛ ✐✈❡✿  ❤❡
  ❡❛❞②✲  ❛ ❡   ♦❝❦ ✐   ♠❛❧❧❡   ❤❛♥ ❜❡❢♦ ❡✳ ❚❤✐  ✐  ❜❡❝❛✉ ❡  ❤❡  ❡❝❤❛ ❣❡ ✢♦✇ ✐   ❧♦✇❡  ✐♥  ❤❡
❢✉ ✉ ❡✳ ■  ✐   ❤✉  ♥❡❝❡  ❛ ②  ♦ ❞❡♣❧❡ ❡  ❤❡  ❡ ♦✉ ❝❡   ♦❝❦ ❢✉  ❤❡   ♦ ❝♦♠♣❡♥ ❛ ❡ ❢♦   ❤✐ 
❞❡❝ ❡❛ ❡✳
❲❡ ❝❛♥ ❛❧ ♦ ❝♦♥✜ ♠  ❤❡  ❡ ✉❧   ♦❜ ❡ ✈❡❞ ✐♥  ❤❡ ❛❜♦✈❡ ✜❣✉ ❡  ❜② ❝♦♠♣❛ ✐♥❣  ❤❡   ❡❛❞②✲
  ❡❛ ❡   ♦❝❦ ♦❢  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠ ✭❙ ✮ ✇✐ ❤  ❤❡   ❡❛❞②✲  ❛ ❡   ♦❝❦ ❛❢ ❡   ❤❡  ✇♦  ❤♦❝❦ 
✭❊❈✿ ■♥❝ ❡❛ ❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦    ❛♥❞✱ ❉❘✿ ❉❡❝ ❡❛ ❡ ✐♥  ❡❝❤❛ ❣❡  ❛ ❡✮✱ ✇✐ ❤  ❤❡ ❢♦❧❧♦✇✐♥❣








































❲❡  ❡❡  ❤❛ ✱
✼❋✐❣✉ ❡ ✷✿ ❘❛✐ ❡ ✐♥ ❝♦   ✳ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢   ♦❝❦ G(t)✳ ❘❡❞ ❧✐♥❡✿  ✐♠♣❧❡ ♣ ♦❜❧❡♠✳
❉✐❛♠♦♥❞ ✿ ♣ ♦❜❧❡♠ ❛❢ ❡   ❛✐ ❡ ✐♥ ❝♦    ✐♥  ❛❂✶✵✵ ❛♥❞  ❛❂✷✵✵✳ ❘✐❣❤ ✲❤❛♥❞  ✐❞❡✿ ③♦♦♠ ♦♥
♣❡ ✐♦❞  ✇❤❡ ❡  ❤♦❝❦  ♦❝❝✉ ✳
❋✐❣✉ ❡ ✸✿ ❉❡❝ ❡❛ ❡ ✐♥  ❡❝❤❛ ❣❡  ❛ ❡✳ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢   ♦❝❦ G(t)✳ ❘❡❞ ❧✐♥❡✿  ✐♠♣❧❡
♣ ♦❜❧❡♠✱ ❞✐❛♠♦♥❞ ✿ ♣ ♦❜❧❡♠ ❛❢ ❡  ❞❡❝ ❡❛ ❡ ✐♥  ❡❝❤❛ ❣❡  ❛ ❡ ✐♥  ❛❂✶✵✵ ❛♥❞  ❛❂✷✵✵✳ ❘✐❣❤ ✲
❤❛♥❞  ✐❞❡✿ ③♦♦♠ ♦♥ ♣❡ ✐♦❞  ✇❤❡ ❡  ❤♦❝❦  ♦❝❝✉ ✳
✽❋✐❣✉ ❡ ✹✿ ❘❛✐ ❡ ✐♥ ❝♦    ❢ ♦♠  ❂✵ ♦♥✳ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢   ♦❝❦ G(t)✳ ❘❡❞ ❧✐♥❡✿  ✐♠♣❧❡
♣ ♦❜❧❡♠✱ ❜❧❛❝❦ ❧✐♥❡ ❛❜♦✈❡✿ ♣ ♦❜❧❡♠ ✇✐ ❤  ❛✐ ❡❞ ❝♦    ❢ ♦♠  ❂✵ ♦♥✳ ❉✐❛♠♦♥❞ ✿ ♣ ♦❜❧❡♠
❛❢ ❡   ❛✐ ❡ ✐♥ ❝♦    ✐♥  ❛❂✶✵✵ ❛♥❞  ❛❂✷✵✵
GEC∞ = GSP∞ +
B
C
> GSP∞ > GDR∞, ❜❡❝❛✉ ❡ r2 < r1 = r
■♥ ❜♦ ❤ ❝❛ ❡ ✱  ❤❡   ❡❛❞②   ❛ ❡ ❡ ✉✐❧✐❜ ✐✉♠ ❝♦  ❡ ♣♦♥❞   ♦  ❤❡ ♦♥❡ ✇❤✐❝❤ ✇♦✉❧❞ ♦❝❝✉ 
✇❤❡♥  ❤❡  ❤♦❝❦ ✇❛  ✐♥ ♣❧❛❝❡ ❢ ♦♠  ❤❡ ✈❡ ② ❜❡❣✐♥♥✐♥❣ ♦❢  ❤❡ ♣ ♦❜❧❡♠✳ ■♥❞❡❡❞✱ ✐♥ ✜❣✉ ❡
✹✱ ✇❡ ❤❛✈❡  ❡♣ ❡ ❡♥ ❡❞  ❤❡ ❝❛ ❡ ✇❤❡ ❡  ❤❡ ❝♦  ✲✐♥❝ ❡❛ ❡ ✐  ❡✛❡❝ ✐✈❡ ❢ ♦♠ ta = 0 ♦♥ ✭❜❧❛❝❦
❧✐♥❡✮✳ ■♥  ❤✐  ❝❛ ❡✱ ❤✐❣❤❡  ❡①  ❛❝ ✐♦♥ ❝♦    ♠❛❦❡ ❡①  ❛❝ ✐♦♥  ❧♦✇ ❞♦✇♥ ❡❛ ❧✐❡   ❤❛♥ ✐♥  ❤❡
 ✐♠♣❧❡ ❝❛ ❡ ❛♥❞  ❤❡ ❧♦♥❣✲ ❡ ♠ ❡ ✉✐❧✐❜ ✐✉♠ ♦❢  ❡ ♦✉ ❝❡   ♦❝❦  ✐  ❤✐❣❤❡   ❤❛♥ ❜❡❢♦ ❡✱ ❛  ✐♥
 ❤❡ ❧♦♥❣✲ ✉♥ ❡ ✉✐❧✐❜ ✐✉♠ ❛❢ ❡   ❤❡  ❤♦❝❦✳ ▲✐❦❡✇✐ ❡✱ ✐♥ ✜❣✉ ❡ ✺✱ ✇❡ ❤❛✈❡ ♣❧♦  ❡❞  ❤❡ ❝❛ ❡
✇❤❡ ❡  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡ ❤❛  ❞❡❝ ❡❛ ❡❞ ❢ ♦♠ ta = 0 ♦♥ ✭❜❧❛❝❦ ❧✐♥❡✮✳ ❚❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥
♣❛ ❤ ❧❛②  ✉♥❞❡ ♥❡❛ ❤  ❤❡ ❡①  ❛❝ ✐♦♥ ♣❛ ❤ ♦❢  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠ ✭ ❡❞ ❧✐♥❡✮✳ ❚❤✐  ✐  ✇❤❡ ❡
 ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤  ❛❢ ❡   ❤❡  ❡❝❤❛ ❣❡  ❤♦❝❦ ✭❞✐❛♠♦♥❞ ✮  ❡♥❞   ♦✇❛ ❞ ✳
✸✳✸ ❖♣ ✐♠❛❧ ♣♦❧✐❝② ✇✐ ❤  ❤♦❝❦  ❞✉ ✐♥❣  ❤❡   ❛♥ ✐ ✐♦♥ ♣❛ ❤
❇♦ ❤ ❡①♦❣❡♥♦✉   ❤♦❝❦  ❧❡❛❞  ♦ ❛ ♠♦ ❡ ✐♥ ❡♥ ❡ ❡①  ❛❝ ✐♦♥ ✐♥  ❤❡  ❤♦    ✉♥✳ ❚❤✐  ✐   ♦
❝♦♠♣❡♥ ❛ ❡ ❛ ❧♦    ❤❛  ✐  ❞✉❡  ♦  ❤❡  ❤♦❝❦ ✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♠♣✉ ❡  ❤❡  ✉♠ ♦❢ ♣❛②♦✛  ❢ ♦♠
ta ♦♥✱ ✇❡ ✜♥❞  ❤❛   ❤❡② ❛ ❡  ♠❛❧❧❡  ❢♦   ❤❡  ✇♦ ❡①❛♠♣❧❡  ✇✐ ❤  ❤♦❝❦   ❤❛♥ ❢♦   ❤❡  ✐♠♣❧❡
♣ ♦❜❧❡♠ ✭ ❡❡  ❛❜❧❡ ✭✶✮✮✳
❚❤❡ ❧❛ ❡   ❤❡  ❤♦❝❦ ❛  ✐✈❡ ✱  ❤❡ ❣ ❡❛ ❡   ❤❡ ❝♦♠♣❡♥ ❛ ✐♦♥  ❤❛  ✐  ♣♦  ✐❜❧❡✳ ■♥❞❡❡❞✱ ❧❡ ✬ 
✾❋✐❣✉ ❡ ✺✿ ❉❡❝ ❡❛ ❡ ✐♥  ❡❝❤❛ ❣❡  ❛ ❡ ❢ ♦♠  ❂✵ ♦♥✳ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢   ♦❝❦ G(t)✳ ❘❡❞
❧✐♥❡✿  ✐♠♣❧❡ ♣ ♦❜❧❡♠✱ ❜❧❛❝❦ ❧✐♥❡ ❜❡❧♦✇✿ ♣ ♦❜❧❡♠ ✇✐ ❤ ❞❡❝ ❡❛ ❡❞  ❡❝❤❛ ❣❡ ❢ ♦♠  ❂✵ ♦♥✳
❉✐❛♠♦♥❞ ✿ ♣ ♦❜❧❡♠ ❛❢ ❡  ❞❡❝ ❡❛ ❡ ✐♥  ❡❝❤❛ ❣❡  ❛ ❡ ✐♥  ❛❂✶✵✵ ❛♥❞  ❛❂✷✵✵✳ ❘✐❣❤  ❤❛♥❞
 ✐❞❡✿ ③♦♦♠ ♦♥ ♣❡ ✐♦❞  ✇❤❡ ❡  ❤♦❝❦  ♦❝❝✉ ✳
❚❛❜❧❡ ✶✿  ❛②♦✛  ❢ ♦♠ ta ♦♥
ta = 0 ta = 100 ta = 200
PtaSP ✷✵✳✻✾ ✵✳✵✸✽✾ ✵✳✵✵✵✶✾
PtaEC ✷✵✳✺✽ ✵✳✵✸✸✹ ✵✳✵✵✵✶✻
PtaDR ✶✽✳✽✷ ✵✳✵✷✼✶ ✵✳✵✵✵✶✷
PtaSP − PtaEC ❃✵ ❃✵ ❃✵
PtaSP − PtaDR ❃✵ ❃✵ ❃✵
❙ ✿ ❙✐♠♣❧❡ ♣ ♦❜❧❡♠
❊❈✿ ❘❛✐ ❡ ✐♥ ❡①  ❛❝ ✐♦♥  ❝♦   
❉❘✿ ❉❡❝ ❡❛ ❡ ♦❢  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡
✶✵ ✉ ♥ ❜❛❝❦  ♦ ✜❣✉ ❡ ✷✿ ✇❤❡♥  ❤❡  ❤♦❝❦ ♦❝❝✉   ✐♥ ta = 100  ❤❡ ♦♣ ✐♠❛❧ ♣❛ ❤ ❤❛  ❛  ♠❛❧❧ ♣❡❛❦
❜✉  ✇❤❡♥ ✐  ♦❝❝✉   ✐♥ ta = 200✱  ❤❡ ❡ ✐  ❛ ❜✐❣ ♣❡❛❦✳ ❚❤❡ ♥♦♥✲ ♠♦♦ ❤ ❡①  ❛❝ ✐♦♥ ❜❡❤❛✈✐♦ 
✐♥  ❤❡  ❤♦    ✉♥ ♠❛② ❛❧ ♦ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②  ❤❡   ❛❞❡✲♦✛ ❜❡ ✇❡❡♥  ✇♦ ❡①  ❛❝ ✐♦♥ ♣❛ ❤ ✳
❘❡❝♦♥ ✐❞❡  ✜❣✉ ❡ ✺✿  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ✐♥ ❝❛ ❡ ♦❢ ❛  ❡❝❤❛ ❣❡  ❛ ❡ ❞❡❝ ❡❛ ❡ ✭❞✐❛♠♦♥❞ ✮
❢♦❧❧♦✇   ❤❡ ♣❛ ❤ ♦❢  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠ ✭ ❡❞ ❧✐♥❡✮ ✐♥  ❤❡ ✜    ♣❧❛❝❡✱ ❜✉   ❤❡♥ ❛❞❥✉     ♦  ❤❡
♣❛ ❤  ❤❛  ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♦♣ ✐♠❛❧ ✐❢  ❤❡  ❡❝❤❛ ❣❡ ✇❛   ❡❞✉❝❡❞ ❢ ♦♠ t = 0 ♦♥✱ ❛❢ ❡ ✇❛ ❞ 
✭❜❧❛❝❦ ❧✐♥❡✮✳
✸✳✹ ❚❤❡ ✐♠♣❛❝  ♦❢ ❝♦    ♦♥  ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦ 
❚❤❡  ❤❛♣❡ ♦❢  ❤❡ ♦♣ ✐♠❛❧ ♣❛ ❤  ✐  ❛❧ ♦ ✐♥✢✉❡♥❝❡❞ ❜②  ❤❡ ❝♦      ✉❝ ✉ ❡ ♦❢ ♦✉  ♣ ♦❜❧❡♠✳
▲❡ ✬  ❛  ✉♠❡  ❤❡  ✐♠❡ ♦❢ ♦❝❝✉ ❡♥❝❡ ♦❢  ❤❡  ❤♦❝❦ ✐  ✜①❡❞✿ ta = 100✳
✸✳✹✳✶ ❆ ❝❤❛♥❣❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦   
❋✐   ✱ ✇❡ ❛ ❡ ✐♥ ❡ ❡  ❡❞ ✐♥ ❡①❛♠✐♥✐♥❣  ❤❡ ✐♠♣❛❝  ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦    ✐♥ ❝❛ ❡
♦❢  ❤♦❝❦ ✷✳✷✳✶✳ ■♥ ✜❣✉ ❡ ✻✱ ✇❡ ❤❛✈❡ ❞❡♣✐❝ ❡❞  ❤❡ ♦♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢  ❤❡   ♦❝❦ ✭❧❡❢ ✲❤❛♥❞
 ✐❞❡✮ ❛♥❞ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ✈♦❧✉♠❡  ✭ ✐❣❤ ✲❤❛♥❞  ✐❞❡✮ ❢♦   ❤ ❡❡ ❞✐✛❡ ❡♥  ❡①  ❛❝ ✐♦♥ ❝♦   ✿
Z = 6 ❛♥❞ C = 0.06 ♦♥  ♦♣ ✭❜❧❛❝❦ ❞✐❛♠♦♥❞ ✮✱ Z = 2 ❛♥❞ C = 0.02 ✐♥  ❤❡ ♠✐❞❞❧❡ ✭❜❧✉❡
❞✐❛♠♦♥❞ ✱  ❤❡  ❡❢❡ ❡♥❝❡ ❝❛ ❡✮ ❛♥❞ Z = 1.1 ❛♥❞ C = 0.011 ♦♥  ❤❡ ❜♦  ♦♠ ✭ ❡❞ ❞✐❛♠♦♥❞ ✮✸✳
❲❡ ❝❛♥  ❡❡  ❤❛   ❤❡ ♣❡❛❦ ✭G∞−Gta✮ ❛♥❞  ❤❡ ❥✉♠♣ ✭g∞−gta✮ ❢ ♦♠ ♦♥❡ ❡①  ❛❝ ✐♦♥ ❜❡❤❛✈✐♦ 
 ♦ ❛♥♦ ❤❡ ✱ ❛ ❡ ♠♦ ❡ ✐♠♣♦  ❛♥   ❤❡ ❣ ❡❛ ❡   ❤❡ ❡①  ❛❝ ✐♦♥ ❝♦   ✳ ■♥✈❡  ❡❧②✱  ❤❡  ♠❛❧❧❡   ❤❡
❡①  ❛❝ ✐♦♥ ❝♦   ✱  ❤❡ ❧❡   ✐♠♣♦  ❛♥   ❤❡ ♣❡❛❦ ❛♥❞  ❤❡ ❥✉♠♣✳
◆♦ ❡  ❤❛  ✐♥❝ ❡❛ ✐♥❣ ✭❞❡❝ ❡❛ ✐♥❣✮ ❡①  ❛❝ ✐♦♥ ❝♦    ❛❧ ♦   ✐❣❣❡  ❛♥ ✐♥❝ ❡❛ ❡ ✭❞❡❝ ❡❛ ❡✮ ✐♥  ❤❡
❧♦♥❣✲ ❡ ♠   ❡❛❞②   ❛ ❡   ♦❝❦✳ ❍❡♥❝❡✱  ❤❡ ❧♦    ♦ ❜❡ ❝♦♠♣❡♥ ❛ ❡❞ ❜②  ❤❡  ❤♦❝❦ ✐  ❣ ❡❛ ❡ ✱
✇❤✐❝❤ ❡①♣❧❛✐♥   ❤❡ ❜✐❣❣❡  ❥✉♠♣ ✐♥ ❡①  ❛❝ ✐♦♥ ❜❡❤❛✈✐♦  ✭♦   ❤❡ ❜✐❣❣❡  ♣❡❛❦ ✐♥  ❤❡ ♦♣ ✐♠❛❧
❡✈♦❧✉ ✐♦♥ ♦❢  ❤❡   ♦❝❦✮✳
❲❡ ❛❧ ♦   ✉❞✐❡❞  ❤❡ ✐♠♣❛❝  ♦❢  ❤❡ ❝❤❛♥❣❡ ♦❢ ❡①  ❛❝ ✐♦♥ ❝♦    ✐♥ ❝❛ ❡ ♦❢  ❤♦❝❦ ✷✳✷✳✷✳ ❲❡
❝❛♥  ❡❡  ❤❡  ❡ ✉❧   ✐♥ ✜❣✉ ❡ ✼✳ ❚❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦  ✐   ✐♠✐❧❛   ♦  ❤❛  ✐♥  ❤❡ ❝❛ ❡ ✷✳✷✳✶✿ ✐♥
 ❤❡ ❧♦♥❣  ✉♥✱  ❤❡   ❛ ✐♦♥❛ ② ❧❡✈❡❧ ♦❢  ❤❡  ❡ ♦✉ ❝❡ ✐♥❝ ❡❛ ❡  ✭♦  ❞❡❝ ❡❛ ❡ ✮✱ ✇❤❡♥ ❡①  ❛❝ ✐♦♥
❝♦   ✐♥❝ ❡❛ ❡  ✭❞❡❝ ❡❛ ❡ ✮✳ ❚❤❡ ❣ ❡❛ ❡   ❤❡ ♣✉♠♣✐♥❣ ❝♦  ✱  ❤❡ ❧❡   ❣ ♦✉♥❞✇❛ ❡  ✐  ✉ ❡❞ ❛♥❞
 ❤❡ ♠♦ ❡ ✇❛ ❡  ✐  ❧❡❢  ✐♥  ❤❡ ❛❝ ✉✐❢❡ ✳ ■♥  ❤❡  ❤♦    ✉♥✱  ❤❡ ♣❡❛❦ ✐♥ Gta ✭♦   ❤❡ ❥✉♠♣ ✐♥ gta✮
❜❡❝♦♠❡  ♠♦ ❡ ✐♠♣♦  ❛♥  ✇✐ ❤ ❛♥ ✐♥❝ ❡❛ ❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦   ✳ ❚❤✉ ✱  ❤❡ ❣ ❡❛ ❡   ❤❡ ♣❡❛❦
✭♦   ❤❡ ❥✉♠♣✮✱  ❤❡ ♠♦ ❡ ✇❛ ❡  ✐  ♣✉♠♣❡❞ ❜❡❢♦ ❡  ❤❡ ❛  ✐✈❛❧ ♦❢  ❤❡  ❤♦❝❦  ♦ ❝♦♠♣❡♥ ❛ ❡ ❢♦ 
 ❤❡ ❧♦  ❡  ❛❢ ❡   ❤❡  ❤♦❝❦ ✭❛  ✐♥  ❡❝ ✐♦♥✱ ✸✳✸✮✳
✸✳✹✳✷ ❆ ❝❤❛♥❣❡ ✐♥ ❝♦♥✈❡②❡♥❝❡ ❝♦   
◆❡① ✱ ❧♦♦❦ ❛   ❤❡ ✐♠♣❛❝  ♦❢ ❝♦♥✈❡②❡♥❝❡ ❝♦    ♦♥  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ❜❡❤❛✈✐♦  ♦❢  ❤❡
 ❤♦❝❦ ✷✳✷✳✶✳ ■♥ ✜❣✉ ❡ ✽✱ ✇❡ ❤❛✈❡ ✐♥❝ ❡❛ ❡❞ ❝♦♥✈❡②❡♥❝❡ ❝♦    ❢ ♦♠ v = 0.8 ✭❜❧✉❡ ❞✐❛♠♦♥❞ ✱
✸❲❡ ❤❛✈❡ ❝❤❛♥❣❡❞ C ❛♥❞ Z  ✉❝❤  ❤❛   ❤❡ ♠❛①✐♠✉♠   ♦❝❦ ❧❡✈❡❧ ✐  ✉♥❝❤❛♥❣❡❞✳
✶✶G(t) g(t)
❋✐❣✉ ❡ ✻✿ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢ G(t)✭❧❡❢ ✲ ✐❞❡✮ ❛♥❞ g(t)✭ ✐❣❤ ✲ ✐❞❡✮ ❢♦   ❤❡  ❤♦❝❦ ✷✳✷✳✶ ✐♥
ta = 100✱ ❢♦  ❞✐✛❡ ❡♥  ❡①  ❛❝ ✐♦♥ ❝♦   ✳ ❇❧✉❡ ❞✐❛♠♦♥❞ ✿  ❡❢❡ ❡♥❝❡ ❝❛ ❡✱ Z = 2 ❛♥❞ C =
0.02✳ ❇❧❛❝❦ ❞✐❛♠♦♥❞ ✿ ❝♦   ✐♥❝ ❡❛ ❡✱ Z = 6 ❛♥❞ C = 0.06✳ ❘❡❞ ❞✐❛♠♦♥❞ ✿ ❝♦   ❞❡❝ ❡❛ ❡✱
Z = 1.1 ❛♥❞ C = 0.011✳
 ❡❢❡ ❡♥❝❡ ❝❛ ❡✮  ♦ v = 2 ✭❜❧❛❝❦ ❞✐❛♠♦♥❞ ✮ ❛♥❞ ❞❡❝ ❡❛ ❡❞  ❤❡♠ ❢ ♦♠ v = 0.8  ♦ v = 0.3✭ ❡❞
❞✐❛♠♦♥❞ ✮✳
❲❡ ❝❛♥  ❡❡ ✐♥ ✜❣✉ ❡ ✽ ❛♥❞ ✜❣✉ ❡ ✾  ❤❛  ✐♥❝ ❡❛ ✐♥❣ ✭❞❡❝ ❡❛ ✐♥❣✮ ❝♦♥✈❡②❡♥❝❡ ❝♦   ✱ ❞❡✲
❝ ❡❛ ❡✭✐♥❝ ❡❛ ❡✮  ❤❡ ❥✉♠♣ ✐♥  ❤❡ ❞❡❝✐ ✐♦♥ ✈❛ ✐❛❜❧❡ ❛♥❞ ❞❡❝ ❡❛ ❡✭✐♥❝ ❡❛ ❡✮  ❤❡ ♣❡❛❦ ✐♥  ❤❡
  ❛ ❡ ✈❛ ✐❛❜❧❡ ❢♦   ❤❡  ✇♦  ❤♦❝❦ ✳
✸✳✹✳✸ ❈♦♠♣❛ ✐ ♦♥ ♦❢  ❤❡ ✐♠♣❛❝  ♦❢ ❜♦ ❤ ❝♦   
❍❡♥❝❡✱  ❤❡ ❤✐❣❤❡  ❡①  ❛❝ ✐♦♥ ❝♦   ✱  ❤❡ ❤✐❣❤❡   ❤❡ ♣❡❛❦ ❛♥❞  ❤❡ ❥✉♠♣ ✐♥ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦ ✳
❖♥  ❤❡ ♦ ❤❡  ❤❛♥❞✱  ❤❡ ❤✐❣❤❡  ❝♦♥✈❡②❡♥❝❡ ❝♦   ✱  ❤❡  ♠❛❧❧❡   ❤❡ ♣❡❛❦ ❛♥❞  ❤❡ ❥✉♠♣✳ ❲❡
❝❛♥  ❡❡  ❤❡  ❡ ✉❧   ✐♥  ❛❜❧❡ ✷✳ ❚❤❡ ❡  ❡ ✉❧   ❛ ❡ ♥♦  ✐♥❞❡♣❡♥❞❡♥  ❜❡❝❛✉ ❡  ❤❡  ❡❧❛ ✐✈❡ ✇❡✐❣❤ 
♦❢ ❜♦ ❤ ❝♦    ♣❧❛②  ❛  ♦❧❡✳✹ ❚❤❡ ✧❝♦♠♣❡♥ ❛ ✐♦♥  ❡❡❦✐♥❣✧ ❜❡❤❛✈✐♦  ✇❤✐❝❤ ❧❡❛❞   ♦ ♣❡❛❦  ✐♥
 ❤❡ ♦♣ ✐♠❛❧ ♣❛ ❤  ✐   ❤✉  ✜    ❛♥❞ ❢♦ ❡♠♦   ❧✐♥❦❡❞  ♦  ❤❡ ♣✉♠♣✐♥❣ ❝♦   ❡① ❡ ♥❛❧✐ ② ✭ ❡❡
  ♦✈❡♥❝❤❡  ❛♥❞ ❇✉   ✶✾✾✸ ❬✶✵❪✮✳ ❚❤❡ ❣ ❡❛ ❡   ❤✐  ❡① ❡ ♥❛❧✐ ②✱  ❤❡ ♠♦ ❡ ❡①  ❡♠❡  ❤❡  ❤♦  
 ✉♥  ❡❛❝ ✐♦♥  ♦ ❡①♦❣❡♥❡♦✉   ❤♦❝❦ ✳
■♥ ♦ ❞❡   ♦ ❜❡  ❡  ✉♥❞❡   ❛♥❞  ❤❡ ✐♥✢✉❡♥❝❡ ♦❢  ❤❡ ❞✐✛❡ ❡♥  ❝♦    ♦♥  ❤❡  ♦❧✉ ✐♦♥ ♦❢ ♦✉ 
✹❲❡ ❤❛✈❡ ❛❧ ♦ ❝♦♥✜ ♠❡❞  ❤❛  ✐♥ ❛ ♣ ♦❜❧❡♠ ✇✐ ❤♦✉  ❡①  ❛❝ ✐♦♥ ❝♦   ✱  ❤❡ ❡ ✐  ♥♦ ♣❡❛❦ ❛♥②♠♦ ❡✳ ■♥✈❡  ❧②✱
✐❢ ✈ ✐  ❛❜ ❡♥ ✱ ✇❡ ❤❛✈❡ ❛ ❧✐♥❡❛  ❡①  ❛❝ ✐♦♥ ♣ ♦❜❧❡♠ ✇✐ ❤ ❛ ♣❡❛❦✳
✶✷G(t) g(t)
❋✐❣✉ ❡ ✼✿ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢ ❡①  ❛❝ ✐♦♥ G(t)✭❧❡❢ ✲ ✐❞❡✮ ❛♥❞ g(t)✭ ✐❣❤ ✲ ✐❞❡✮ ❢♦   ❤❡  ❤♦❝❦
✷✳✷✳✷✱ ✐♥ ta = 100✱ ❢♦  ❞✐✛❡ ❡♥  ❡①  ❛❝ ✐♦♥ ❝♦   ✳ ❇❧✉❡ ❞✐❛♠♦♥❞ ✿  ❡❢❡ ❡♥❝❡ ❝❛ ❡✱ Z = 2
❛♥❞ C = 0.02✳ ❇❧❛❝❦ ❞✐❛♠♦♥❞ ✿ ❝♦   ✐♥❝ ❡❛ ❡✱ Z = 6 ❛♥❞ C = 0.06✳ ❘❡❞ ❞✐❛♠♦♥❞ ✿ ❝♦  
❞❡❝ ❡❛ ❡✱ Z = 1.4 ❛♥❞ C = 0.014✳
G(t) g(t) g(t)
❋✐❣✉ ❡ ✽✿ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢ ❡①  ❛❝ ✐♦♥ G(t)✭❧❡❢ ✲ ✐❞❡✮ ❛♥❞ g(t)✭ ✐❣❤ ✲ ✐❞❡✮ ❢♦   ❤❡  ❤♦❝❦
✷✳✷✳✶ ✐♥ ta = 100✱ ❢♦  ❞✐✛❡ ❡♥  ❝♦♥✈❡②❡♥❝❡ ❝♦   ✳ ❇❧✉❡ ❞✐❛♠♦♥❞ ✿  ❡❢❡ ❡♥❝❡ ❝❛ ❡✱ v = 0.8✳
❉✐❛♠♦♥❞ ✿ ✐♥❝ ❡❛ ❡ ✐♥ ❝♦♥✈❡②❡♥❝❡ ❝♦   ✱ v = 2 ✭❜❧✉❡✮ ❛♥❞ ❞❡❝ ❡❛ ❡ ✐♥ ❝♦♥✈❡②❡♥❝❡ ❝♦   ✱v =
0.3 ✭ ❡❞✮✳
✶✸G(t) g(t)
❋✐❣✉ ❡ ✾✿ ❖♣ ✐♠❛❧ ❡✈♦❧✉ ✐♦♥ ♦❢ ❡①  ❛❝ ✐♦♥ G(t)✭❧❡❢ ✲ ✐❞❡✮ ❛♥❞ g(t)✭ ✐❣❤ ✲ ✐❞❡✮ ❢♦   ❤❡  ❤♦❝❦
✷✳✷✳✷ ✐♥ ta = 100✱ ❢♦  ❞✐✛❡ ❡♥  ❝♦♥✈❡②❡♥❝❡ ❝♦   ✳ ❇❧✉❡ ❞✐❛♠♦♥❞ ✿  ❡❢❡ ❡♥❝❡ ❝❛ ❡✱ v = 0.8✳
❉✐❛♠♦♥❞ ✿ ✐♥❝ ❡❛ ❡ ✐♥ ❝♦♥✈❡②❡♥❝❡ ❝♦   ✱ v = 2 ✭❜❧✉❡✮ ❛♥❞ ❞❡❝ ❡❛ ❡ ✐♥ ❝♦♥✈❡②❡♥❝❡ ❝♦   ✱v =
0.3 ✭ ❡❞✮✳
♣ ♦❜❧❡♠✱ ✇❡ ❞❡❝✐❞❡❞  ♦ ❛♥❛❧②③❡ ♥✉♠❡ ✐❝❛❧❧②  ❤❡ ✈❛ ✐❛ ✐♦♥ ♦❢  ❤❡ ♣❡❛❦✭G∞ − Gta✮ ✐♥  ❤♦❝❦
✷✳✷✳✶ ❛  ❛ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡ ♣❛ ❛♠❡ ❡   ♦❢  ❤❡ ♠♦❞❡❧✳
■♥ ✜❣✉ ❡ ✶✵✱ ✇❡ ❝❛♥ ♦❜ ❡ ✈❡  ❤❛   ❤❡ ✈❛ ✐❛ ✐♦♥ ♦❢  ❤❡ ♣❡❛❦ ✇✐ ❤  ❡❣❛ ❞   ♦  ❤❡ ♣❛ ❛♠❡ ❡ 
v ✐  ♥♦  ♠♦♥♦ ♦♥♦✉ ✳ ▼♦ ❡♦✈❡ ✱  ❤❡ ♣❡❛❦ ✐  ♣♦ ✐ ✐✈❡ ✇❤❡♥ v ✐   ✐ ✉❛ ❡❞ ❜❡ ✇❡❡♥ ✵ ❛♥❞ ✵✳✺
❛♥❞ ✇❤❡♥ v ✐  ❣ ❡❛ ❡   ❤❛♥ ✸✳ ❲❡ ❝❛♥ ❛❧ ♦  ❤♦✇  ❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❛ ❛♠❡ ❡   (Z,C)✳ ❚❤❡
❣ ❡❛ ❡  (Z,C)✱  ❤❡ ♠♦ ❡  ❤❡ ♣❡❛❦ ✐♥❝ ❡❛ ❡ ✳ ❚❤❛  ✐ ✱  ❤❡ ❣ ❡❛ ❡  ❡①  ❛❝ ✐♦♥ ❝♦   ✱  ❤❡ ♠♦ ❡
 ❤♦  ✲ ✉♥ ♣✉♠♣✐♥❣ ✇✐❧❧ ♦❝❝✉  ✭❛  ❜❡❢♦ ❡✮✳ ❚❤❡ ♣❡❛❦ ✐  ♣♦ ✐ ✐✈❡ ✇❤❡♥ (Z,C) ❛ ❡ ❣ ❡❛ ❡ 
 ❤❛♥ ✵✳✵✷✺✳
■♥ ✜❣✉ ❡ ✶✶✱ ✇❡   ✉❞✐❡❞  ❤❡ ✐♠♣❛❝  ♦❢  ❤❡ ♠♦♠❡♥  ♦❢ ♦❝❝✉ ❡♥❝❡ ♦❢  ❤❡  ❤♦❝❦ ✭ta✮ ❛♥❞ ♦❢
❛♥ ✐♥❝ ❡❛ ❡ ✐♥ ❝♦    ✭❇✮✳ ❆  ❡①♣❡❝ ❡❞✱  ❤❡ ❧❛ ❡   ❤❡ ❡✈❡♥   ❛❦❡  ♣❧❛❝❡ ✭ta ❜✐❣✮ ❛♥❞  ❤❡ ♠♦ ❡
✐♠♣♦  ❛♥   ❤❡ ✐♥❝ ❡❛ ❡ ♦❢ ❝♦    ✭B ❜✐❣✮✱  ❤❡ ❣ ❡❛ ❡   ❤❡ ❞✐✛❡ ❡♥❝❡ ❜❡ ✇❡❡♥ G∞ ✭  ❛ ✐♦♥❛ ②
  ❛ ❡ ♦❢  ❤❡  ❡ ♦✉ ❝❡✮ ❛♥❞ Gta ✳
◆♦ ❡✿ ❆♥ ✐♥❝ ❡❛ ❡ ♦❢  ❤❡ ♣❛ ❛♠❡ ❡   (Z,C) ❛♥❞ ♦❢  ❤❡ ♣❛ ❛♠❡ ❡  B ❤❛   ❤❡  ❛♠❡ ❡✛❡❝  ♦♥
 ❤❡ ♣❡❛❦✱ ❜❡❝❛✉ ❡ ✐♥ ❜♦ ❤ ❝❛ ❡ ✱ ✇❡ ❤❛✈❡ ❛♥ ✐♥❝ ❡❛ ❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦   ✳
▲✐❦❡✇✐ ❡✱ ✇❡ ❤❛✈❡ ❛♥❛❧②③❡❞  ❤❡ ✈❛ ✐❛ ✐♦♥ ♦❢  ❤❡ ♣❡❛❦ ✐♥ ♣ ♦❜❧❡♠ ✷✳✷✳✷✳ ❲❡ ❝❛♥ ♦❜ ❡ ✈❡
✐♥ ✜❣✉ ❡ ✶✷  ❤❛   ❤❡ ♦♣ ✐♠❛❧ ❜❡❤❛✈✐♦  ✐   ✐♠✐❧❛   ♦  ❤❡ ♦♥❡ ❞❡ ❝ ✐❜❡❞ ✇✐ ❤  ❤❡ ♣ ❡✈✐♦✉ 
 ❤♦❝❦✳ ❚❤❡ ♣❡❛❦ ✐  ♣♦ ✐ ✐✈❡ ❢ ♦♠ C = 1.5✳ ❖♥  ❤❡ ♦ ❤❡  ❤❛♥❞✱  ❤❡ ❡ ✐  ❛  ✐❣♥✐✜❝❛♥  ❞✐❢✲
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✶✺❋✐❣✉ ❡ ✶✵✿ G∞ ✲ Gta ❛❝❝♦ ❞✐♥❣  ♦  ❤❡ ♣❛ ❛♠❡ ❡   ❜♦✉♥❞  ♦  ❤❡ ❝♦   ✭v ❛♥❞ (Z,C)✮ ✐♥  ❤❡
 ❤♦❝❦ ✷✳✷✳✶✳
B
❋✐❣✉ ❡ ✶✶✿ G∞ ✲ Gta ❛❝❝♦ ❞✐♥❣  ♦  ❤❡ ♣❛ ❛♠❡ ❡    ❛ ❛♥❞ ❇ ✐♥ ✷✳✷✳✶✳
✶✻❋✐❣✉ ❡ ✶✷✿ Ginf ✲ Gta ❛❝❝♦ ❞✐♥❣  ♦  ❤❡ ♣❛ ❛♠❡ ❡   ❜♦✉♥❞  ♦  ❤❡ ❝♦   ✭v ❛♥❞ (Z,C)✮✱ ✐♥
 ❤❡  ❤♦❝❦ ✷✳✷✳✷
❜❡ ✇❡❡♥ ✵ ❛♥❞ ✽✳
❚❤❡ ✐♥ ❡ ❡    ♦   ✉❞②  ❤❡ ♣♦ ✐ ✐✈✐ ② ❛♥❞  ❤❡ ♥❡❣❛ ✐✈✐ ② ♦❢  ❤❡ ♣❡❛❦ ✐  ❧✐♥❦❡❞  ♦  ❤❡
✐♠♣♦  ❛♥❝❡ ♦❢  ❤❡  ❤♦  ✲ ❡ ♠  ❡❛❝ ✐♦♥✳ ❲❤❡♥  ❤❡ ♣❡❛❦ ✐  ♣♦ ✐ ✐✈❡ ✭♥❡❣❛ ✐✈❡✮✱  ❤❡ ♣✉♠♣✐♥❣
❜❡❢♦ ❡ ta ✭✐✳❡✳  ❤❡ ❝♦♠♣❡♥ ❛ ✐♦♥ ♦❢  ❤❡ ❧♦  ❡ ✮ ✐  ♠♦ ❡ ✭❧❡  ✮ ✐♠♣♦  ❛♥ ✳
✹ ❈♦♥❝❧✉ ✐♦♥
■♥  ❤✐  ♣❛♣❡ ✱ ✇❡ ♣ ❡ ❡♥ ❡❞  ❤❡ ❛♥❛❧② ✐❝❛❧  ♦❧✉ ✐♦♥  ♦❢ ❛♥ ♦♣ ✐♠✐③❛ ✐♦♥ ♣ ♦❜❧❡♠ ✇✐ ❤ ✐♥✜✲
♥✐ ❡  ✐♠❡ ❤♦ ✐③♦♥✱ ❞❡❛❧✐♥❣ ✇✐ ❤  ❤❡ ❡①  ❛❝ ✐♦♥ ♦❢ ❛  ❡♥❡✇❛❜❧❡ ❣ ♦✉♥❞✇❛ ❡   ❡ ♦✉ ❝❡✳ ❲❡
  ✉❞✐❡❞  ❤❡ ✐♠♣❛❝  ♦❢  ✇♦ ❡①♦❣❡♥♦✉   ❤♦❝❦  ♦♥  ❤❡  ❡ ♦✉ ❝❡✿  ❤❡ ✐♥❝ ❡❛ ❡ ✐♥ ❡①  ❛❝ ✐♦♥
❝♦    ❛♥❞  ❤❡ ❞❡❝ ❡❛ ❡ ♦❢  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡✳ ❇② ♠♦❞❡❧❧✐♥❣  ❤❡ ❡  ✇♦  ❤♦❝❦ ✱ ♦✉  ♣✉ ♣♦ ❡
✇❛   ♦  ❡♣ ❡ ❡♥   ✇♦ ❞✐✛❡ ❡♥  ❝♦♥ ❡ ✉❡♥❝❡  ♦❢ ❛ ❞ ♦✉❣❤ ✳
■♥  ❤❡ ❧♦♥❣  ✉♥✱ ✇❡ ❢♦✉♥❞ ❛ ❞✐✛❡ ❡♥❝❡ ❜❡ ✇❡❡♥  ❤❡  ✇♦  ❤♦❝❦ ✳ ❖♥❡ ✐  ♠♦ ❡ ❝♦♥ ❡ ✲
✈❛ ✐✈❡  ❤❛♥  ❤❡ ♦ ❤❡ ✱ ✐♥❞❡♣❡♥❞❡♥ ❧② ♦❢  ❤❡ ✈❛❧✉❡  ♦❢ ♣❛ ❛♠❡ ❡   ❝❤♦ ❡♥✳ ❲❡ ♣ ♦✈❡❞  ❤❛ 
✐♥  ❤❡ ❝❛ ❡ ♦❢  ❤❡ ✐♥❝ ❡❛ ❡ ✐♥ ❡①  ❛❝ ✐♦♥ ❝♦   ✱  ❤❡   ❛ ✐♦♥♥❛ ② ❧❡✈❡❧ ♦❢  ❤❡  ❡ ♦✉ ❝❡ ✐   ✐ ✲
✉❛ ❡❞ ❛❜♦✈❡  ❤❡   ❡❛❞②✲  ❛ ❡ ♦❢  ❤❡  ✐♠♣❧❡ ♣ ♦❜❧❡♠✳ ❖♥  ❤❡ ♦ ❤❡  ❤❛♥❞✱ ✐♥  ❤❡ ❝❛ ❡ ♦❢
 ❤❡ ❞❡❝ ❡❛ ❡ ♦❢  ❤❡  ❡❝❤❛ ❣❡  ❛ ❡✱  ❤❡   ❡❛❞②✲  ❛ ❡ ✐  ❜❡❧♦✇  ❤❡   ❡❛❞②✲  ❛ ❡ ♦❢  ❤❡  ✐♠✲
♣❧❡ ♣ ♦❜❧❡♠✳ ❲❡  ❤✉  ❝♦♥✜ ♠✱ ❧♦❣✐❝❛❧❧②✱  ❤❛   ❤❡ ❧❛✇ ✐♠♣♦ ❡❞ ❜②  ❤❡ ❣♦✈❡ ♥♠❡♥ ✱  ❤❛ 
✐ ✱  ❤❡ ✐♥❝ ❡❛ ❡ ♦❢  ❤❡ ❝♦    ♦❢ ❡①  ❛❝ ✐♦♥ ✱ ✐   ❤❡ ♠♦ ❡ ❝♦♥ ❡ ✈❛ ✐✈❡  ♦❧✉ ✐♦♥ ✐♥  ❤❡ ❧♦♥❣  ❡ ♠✳
■♥  ❤❡  ❤♦    ✉♥✱  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ❜❡❤❛✈✐♦  ✐♥  ❤❡ ❢❛❝❡ ♦❢  ❤♦❝❦  ✐   ❤❡  ❛♠❡✿
❡①  ❛❝ ✐♦♥  ❛ ❡ ❡♥❝♦✉ ❛❣❡❞ ❜❡❢♦ ❡  ❤❡ ❛  ✐✈❛❧ ♦❢  ❤❡  ❤♦❝❦✱  ♦ ❝♦♠♣❡♥ ❛ ❡ ❢♦  ❢✉ ✉ ❡ ❧♦  ❡ ✱
❛♥❞ ❡①  ❛❝ ✐♦♥  ❞❡❝ ❡❛ ❡ ❛❢ ❡   ❤❡  ❤♦❝❦✱  ♦  ❡  ♦ ❡  ❤❡  ❡ ♦✉ ❝❡✳ ❲❡  ❡♠✐♥❞  ❤❛  ✐♥ ❬✶✸❪✱
✶✼❚ ✉  ❛♥❞ ❩❡♠❡❧ ❬✶✸❪ ♦❜ ❛✐♥  ❤❡  ❛♠❡ ❝♦♥❝❧✉ ✐♦♥ ✐♥  ❤❡ ❝❛ ❡ ♦❢ ❡♥❞♦❣❡♥♦✉  ❛♥❞ ✉♥❝❡  ❛✐♥ 
❡✈❡♥  ✱  ❤❛  ✐ ✱  ❤❡ ❡♥❝♦✉ ❛❣❡♠❡♥  ♦❢ ❡①  ❛❝ ✐♦♥  ❜❡❢♦ ❡  ❤❡ ❛  ✐✈❛❧ ♦❢  ❤❡ ❡✈❡♥ ✳ ❍♦✇❡✈❡ ✱
✐♥ ❝♦♥  ❛    ♦ ❚ ✉  ❛♥❞ ❩❡♠❡❧❬✶✸❪✱ ✇❡ ❝♦♥ ✐❞❡ ❡❞ ♥❛ ✉ ❛❧❧②  ❡✈❡  ✐❜❧❡   ❤♦❝❦  ❢♦   ❤❡  ❡✲
 ♦✉ ❝❡✳ ❋✉  ❤❡ ♠♦ ❡✱ ✇❡ ♣ ♦✈❡❞  ❤❛   ❤❡ ✐♠♣❛❝  ♦❢  ❤❡  ❤♦❝❦ ♦♥  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥
❜❡❤❛✈✐♦  ❛❧ ♦ ❞❡♣❡♥❞  ♦♥  ❤❡ ♦ ❤❡  ♣❛ ❛♠❡ ❡   ❛   ❤❡ ♠♦♠❡♥  ♦❢ ♦❝❝✉  ❡♥❝❡ ♦❢  ❤❡  ❤♦❝❦
♦   ❤❡  ②♣❡ ♦❢ ❡①  ❛❝ ✐♦♥ ❝♦   ✳
❚❤❡ ❡ ❛ ❡ ✈❛ ✐♦✉  ♣♦  ✐❜❧❡ ❡① ❡♥ ✐♦♥   ♦ ♦✉  ♣❛♣❡ ✳ ❲❡ ❝♦✉❧❞  ❡♥❞❡   ❤❡ ♦❝❝✉ ❡♥❝❡ ❞❛ ❡
♦   ❤❡  ✐③❡ ♦❢  ❤❡ ❡①♦❣❡♥❡♦✉   ❤♦❝❦ ✉♥❝❡  ❛✐♥✳ ■  ✇♦✉❧❞  ❤❡♥ ❜❡ ✐♥ ❡ ❡  ✐♥❣  ♦ ❝♦♠♣❛ ❡
 ❤❡ ♦✉ ❝♦♠❡ ♦❢  ❤✐  ♣ ♦❜❧❡♠ ✇✐ ❤  ❤❡  ❡ ✉❧   ♦❜ ❛✐♥❡❞ ✐♥  ❤❡ ❧✐ ❡ ❛ ✉ ❡✱ ✭ ❡❡ ❚ ✉  ❛♥❞
❩❡♠❡❧ ❬✶✸❪✮✳ ❲❡ ❝♦✉❧❞ ❛❧ ♦   ✉❞②  ❤❡ ✐♠♣❛❝  ♦❢  ❡✈❡ ❛❧  ✉❝❝❡  ✐✈❡ ❝❤❛♥❣❡  ✐♥  ❡❝❤❛ ❣❡
 ❛ ❡  ♦  ❝♦   ✿ ❢♦  ❡①❛♠♣❧❡  ❡❝❤❛ ❣❡ ❝♦✉❧❞ ❞❡❝ ❡❛ ❡ ❜❡❝❛✉ ❡ ♦❢ ❞❡❝ ❡❛ ❡❞ ♣ ❡❝✐♣✐ ❛ ✐♦♥ ✱ ❛ 
❞✐ ❝✉  ❡❞ ❛❜♦✈❡✱ ❜✉  ✐  ❝♦✉❧❞  ❤❡♥ ✐♥❝ ❡❛ ❡ ❛❣❛✐♥✱ ❢♦  ❡①❛♠♣❧❡ ❛  ❛  ❡ ✉❧  ♦❢ ✐♥✈❡  ♠❡♥  
✐♥ ❞❡ ❛❧✐♥✐ ❛ ✐♦♥ ♣❧❛♥  ✳ ❋✐♥❛❧❧②✱ ✉♥❝❡  ❛✐♥ ② ❛❜♦✉   ❤❡ ❡① ❡♥❞ ♦❢ ❝❧✐♠❛ ❡ ❝❤❛♥❣❡ ♠❛②
❞✐♠✐♥✐ ❤ ♦✈❡   ✐♠❡✿ ✐❢ ♥❡✇ ✐♥❢♦ ♠❛ ✐♦♥ ✐  ❛❝ ✉✐ ❡❞ ❞✉ ✐♥❣  ❤❡ ❝♦♥ ✐❞❡ ❡❞  ✐♠❡ ♣❡ ✐♦❞✱ ✇❡
✇♦✉❧❞ ♥❡❡❞ ❛ ♥❡✇ ♦♣ ✐♠✐③❛ ✐♦♥ ♠❡ ❤♦❞✱  ❛❦✐♥❣ ✐♥ ♦ ❛❝❝♦✉♥   ♦❧❧✐♥❣ ❤♦ ✐③♦♥ ✳
✶✽❆ ❖♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤ 
❆✳✶ ❆ ❧✐♥❡❛   ✉❛❞ ❛ ✐❝ ❝❛ ❡
❈♦♥ ✐❞❡   ❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝ ✐♦♥❛❧ ❢♦ ♠ ✿




✇❤❡ ❡ ❜✱ γ✱ ❩✱ ❈ ❛♥❞ ✈ ❛ ❡ ♣♦ ✐ ✐✈❡ ❣✐✈❡♥ ♣❛ ❛♠❡ ❡  ✳ ❚❤✉ ✿
∂y
∂g
= bγ > 0,
∂c1
∂g
= c(G) = Z − CG,
∂c1
∂G




❆✳✶✳✶ ❘❡ ♦❧✉ ✐♦♥ ♦❢  ❤❡  ✐♠♣❧❡ ❡①  ❛❝ ✐♦♥ ♣ ♦❜❧❡♠
❚♦  ♦❧✈❡ ♣ ♦❜❧❡♠ ✭✶✮✮  ♦ ✭✹✮✱ ✇✐ ❤  ❤❡ ❛❜♦✈❡ ❢✉♥❝ ✐♦♥❛❧ ❢♦ ♠  ✭✶✾✮✱ ✇❡ ♣ ♦❝❡❡❞ ❛  ❢♦❧❧♦✇ ✿
❙✉❜  ✐ ✉ ✐♥❣ ✭✶✾✮ ✐♥ ♦ ✭✻✮ ❛♥❞ ✭✼✮ ❛♥❞  ❡❛  ❛♥❣✐♥❣✱ ✇❡ ✜♥❞  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ✈♦❧✉♠❡
❛  ❛ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡  ❡ ♦✉ ❝❡   ♦❝❦ ❛♥❞  ❤❡  ❤❛❞♦✇ ♣ ✐❝❡✿
g =
pybγ − Z + CG − λ
v
. ✭✷✵✮
❙✉❜  ✐ ✉ ✐♥❣ ✭✷✵✮ ✐♥ ♦  ❤❡ ❡ ✉❛ ✐♦♥  ♦❢ ♠♦ ✐♦♥ ♦❢  ❤❡   ❛ ❡ ❛♥❞ ❛❞❥♦✐♥  ✈❛ ✐❛❜❧❡ ✭✷✮ ❛♥❞
✭✼✮✱ ✇❡ ❤❛✈❡  ❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝  ②  ❡♠✿














✇✐ ❤ C1 ❛♥❞ C2 ❝♦♥  ❛♥  ✱ ❛♥❞ G(0) = G0✱ ✇❤✐❝❤ ❛❧❧♦✇  ✉   ♦ ✜♥❞  ❤❡  ♦♦   ♦❢  ❤❡























λ∞ = Cr/ρ. ✭✷✷✮
❊ ✉❛ ✐♦♥ ✭✷✶✮  ❡ ✉❧   ❢ ♦♠  ✉❜  ✐ ✉ ✐♦♥ ♦❢ ✭✷✵✮ ✐♥ ♦  ❤❡ ❡ ✉❛ ✐♦♥ ♦❢ ♠♦ ✐♦♥ ♦❢  ❤❡   ❛ ❡
✈❛ ✐❛❜❧❡ ✭✷✮ ❛♥❞ ❡ ✉❛ ✐♦♥ ✭✷✷✮  ❡ ✉❧   ❢ ♦♠  ✉❜  ✐ ✉ ✐♦♥ ♦❢ ✭✷✵✮ ❛♥❞ ✭✻✮ ✐♥ ♦ ✭✼✮✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡  ❤❡ ♦♣ ✐♠❛❧ ❡①  ❛❝ ✐♦♥ ♣❛ ❤ ✱ ✇✐ ❤ ρ2✱  ❤❡ ♥❡❣❛ ✐❢  ♦♦ ✿
G(t) = eρ2t(G0 − G∞) + G∞, ✭✷✸✮
✶✾❛♥❞







λ0 = pybγ − Z + CG0 − v(r − ρ2(G0 − G∞)),
✇❤✐❝❤ ✇❡ ✜♥❞ ✇✐ ❤ ✭✷✮ ❛♥❞ ✭✻✮✳
❆✳✶✳✷ ❘❡ ♦❧✉ ✐♦♥ ♦❢  ❤❡ ♠♦❞✐✜❡❞ ❡①  ❛❝ ✐♦♥ ♣ ♦❜❧❡♠
❈♦♥ ✐❞❡  ❤❡ ❡ ♣ ♦❜❧❡♠ ✭✽✮  ♦ ✭✶✷✮✱ ✇✐ ❤  ❤❡ ❢✉♥❝ ✐♦♥❛❧ ❢♦ ♠  ✭✶✾✮✳ ❚♦  ♦❧✈❡  ❤✐  ♣ ♦❜❧❡♠✱
✇❡ ✇✐❧❧  ❡♣❛ ❛ ❡ ✐  ✐♥  ✇♦ ♣❛    ❛♥❞ ♣ ♦❝❡❡❞ ❜② ❜❛❝❦✇❛ ❞ ✐♥❞✉❝ ✐♦♥✳ ❋✐   ✱ ✇❡  ♦❧✈❡  ❤❡
♠❛①✐♠✐ ❛ ✐♦♥ ❜❡ ✇❡❡♥ ta ❛♥❞ ✐♥✜♥✐ ②✱ ♣ ♦❝❡❡❞✐♥❣ ❛  ✐♥ ✭❆✳✶✳✶✮✳
❲❡ ❤❛✈❡  ❤❡ ❢✉♥❝ ✐♦♥ ✿
G(t) = eρ2(t−ta)(Gta − G∞) + G∞, ✭✷✺✮







g(t) = k1 − k2eρ2(t−ta), ✭✷✼✮
✇✐ ❤✱
k1 = r2,















λta = pybγ − Z + CGta − vr2 + vρ2(Gta − G∞). ✭✷✾✮
❙✉❜  ✐ ✉ ✐♥❣ ✭✷✺✮✱✭✷✻✮ ❛♥❞ ✭✷✼✮ ✐♥ ♦  ❤❡ ♦❜❥❡❝ ✐✈❡ ❢✉♥❝ ✐♦♥✱ ✇❡ ❝❛♥ ❝♦♠♣✉ ❡  ❤❡  ❝ ❛♣
✈❛❧✉❡✿ φ(ta,Gta)✳
❲❡ ❝❛♥ ♥♦✇  ✉ ♥  ♦  ❤❡  ❡❝♦♥❞ ♣❛   ♦❢  ❤❡ ♣ ♦❜❧❡♠✱ ❜❡ ✇❡❡♥ ✵ ❡  ta✱ ❝♦♥ ✐❞❡ ✐♥❣  ❤❡
♦♣ ✐♠❛❧  ♦❧✉ ✐♦♥ ♦❢  ❤❡ ✜    ♣❛  ✳ ❲❡ ❦♥♦✇  ❤❛   ❤❡  ♦❧✉ ✐♦♥  ♦❢  ❤❡ ♣ ♦❜❧❡♠ ❛ ❡ ♦❢  ❤❡
 ❤❛♣❡✿
G(t) = ¯ Aeρ1t + ¯ Beρ2t + ¯ C,
λ(t) = ¯ Deρ1t + ¯ Eeρ2t + ¯ F.
❲❡ ❤❛✈❡ ✭✶✵✮✱✭✼✮ ❛♥❞  ❤❡ ❝♦♥❞✐ ✐♦♥ 
G(0) = ¯ A + ¯ B + ¯ C = G0, ✭✸✵✮






r = r1. ✭✸✸✮
❚❤✐  ❝♦♥  ✐ ✉ ❡  ❛  ②  ❡♠ ♦❢ ✻ ❡ ✉❛ ✐♦♥  ❛♥❞ ✻ ✉♥❦♥♦✇♥ ✱ ✇❤✐❝❤ ✇❡ ❝❛♥  ♦❧✈❡  ♦ ❝♦♠♣✉ ❡
 ❤❡ ✐♥ ❡❣ ❛❧ ❜❡ ✇❡❡♥ ✵ ❛♥❞ ta✳
❘❡❢❡ ❡♥❝❡ 
❬✶❪ ❆♠✐❣✉❡ ✱ ❏✳✲ ✳✱ ❉❡❜❛❡❦❡✱  ✳✱ ■ ✐❡ ✱ ❇✳✱ ▲❡♠❛✐ ❡✱ ●✳✱ ❙❡❣✉✐♥✱ ❇✳✱ ❚❛ ❞✐❡✉✱ ❋✳ ❡  ❚❤♦♠❛ ✱
❆✳✱ ✷✵✵✻✳ ❙ ❝❤❡ ❡  ❡ ❡  ❛❣ ✐❝✉❧ ✉ ❡ ✲   ❞✉✐ ❡ ❧❛ ✈✉❧♥  ❛❜✐❧✐   ❞❡ ❧✬❛❣ ✐❝✉❧ ✉ ❡   ✉♥  ✐  ✉❡
❛❝❝ ✉ ❞❡ ♠❛♥ ✉❡ ❞✬❡❛✉✳ ❊①♣❡  ✐ ❡  ❝✐❡♥ ✐✜ ✉❡ ❝♦❧❧❡❝ ✐✈❡✱ ■◆❘❆✱ ▼❆ 
❬✷❪ ❈✉♠♠✐♥❣ ✱ ❘✳ ●✳✱ ✶✾✼✶✱ ❖♣ ✐♠✉♠ ❊①♣❧♦✐ ❛ ✐♦♥ ♦❢ ● ♦✉♥❞✇❛ ❡  ❘❡ ❡ ✈❡  ✇✐ ❤ ❙❛❧ ✲
✇❛ ❡  ■♥  ✉ ✐♦♥✱ ❲❛ ❡  ❘❡ ♦✉ ❝❡  ❘❡ ❡❛ ❝❤ ✼ ✭✻✮✱ ✶✹✶✺✲✶✹✷✹✳
❬✸❪ ❉✐ ▼❛ ✐❛✱ ❈✳✱❙♠✉❧❞❡  ✱❙✳✱❱❛♥ ❉❡  ❲❡ ❢✱ ❊✳✱ ✷✵✵✽✱ ❆❜ ♦❧✉ ❡ ❆❜✉♥❞❛♥❝❡ ❛♥❞ ❘❡❧❛ ✐✈❡
❙❝❛ ❝✐ ②✿ ❆♥♥♦✉♥❝❡❞  ♦❧✐❝②✱ ❘❡ ♦✉ ❝❡ ❊①  ❛❝ ✐♦♥✱ ❛♥❞ ❈❛ ❜♦♥ ❊♠✐  ✐♦♥ ✱ ❋❊❊▼
❲♦ ❦✐♥❣  ❛♣❡  ✾✷✳✷✵✵✽✳
❬✹❪ ❉✐♥❛ ✱ ❆✳✱ ❳❡♣❛♣❛❞❡❛ ✱ ❆✳✱✶✾✾✽✱ ❘❡❣✉❧❛ ✐♥❣ ✇❛ ❡   ✉❛♥ ✐ ② ❛♥❞  ✉❛❧✐ ② ✐♥ ✐  ✐❣❛ ❡❞
❛❣ ✐❝✉❧ ✉ ❡✱ ❏✳ ❊♥✈✐ ♦♥✳ ▼❛♥❛❣❡♠❡♥  ✺✹✱ ✷✼✸✕✷✽✾✳
❬✺❪ ●✐  ❡ ✱ ▼✳✱ ❙❛♥❝❤❡③✱ ❉✳❆✳✱ ✶✾✽✵✱ ❈♦♠♣❡ ✐ ✐♦♥ ✈❡  ✉  ♦♣ ✐♠❛❧ ❝♦♥  ♦❧ ✐♥ ❣ ♦✉♥❞✇❛ ❡ 
♣✉♠♣✐♥❣✱ ❲❛ ❡  ❘❡ ♦✉ ❝❡  ❘❡ ❡❛ ❝❤ ✸✶✱ ✻✸✽✲✻✹✷✳
❬✻❪ ▲ ♦♥❛ ❞✱ ❉✳✱ ▲♦♥❣✱ ◆✳❱✳ ✭✶✾✾✷✮✳ ❖♣ ✐♠❛❧ ❈♦♥  ♦❧ ❚❤❡♦ ② ❛♥❞ ❙ ❛ ✐❝ ❖♣ ✐♠✐③❛ ✐♦♥ ✐♥
❊❝♦♥♦♠✐❝ ✳ ❈❛♠❜ ✐❞❣❡ ❯♥✐✈❡  ✐ ②   ❡  ✱ ✸✺✸ ♣✳
❬✼❪ ▲♦♥❣✱ ◆✳❱✳✱ ✶✾✼✺✱ ❘❡ ♦✉ ❝❡ ❡①  ❛❝ ✐♦♥ ✉♥❞❡   ❤❡ ✉♥❝❡  ❛✐♥ ② ❛❜♦✉  ♣♦  ✐❜❧❡ ♥❛ ✐♦♥❛❧✲
✐③❛ ✐♦♥✱ ❏♦✉ ♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦ ②✱ ✶✵✱ ✹✷✲✺✸✳
❬✽❪ ▲♦♥❣✱ ◆✳ ❱✳✱ ❙✐♥♥✱ ❍✳✲❲✳✱ ✶✾✽✺✱ ❙✉ ♣ ✐ ❡ ♣ ✐❝❡  ❤✐❢  ✱  ❛① ❝❤❛♥❣❡  ❛♥❞  ❤❡  ✉♣♣❧②
❜❡❤❛✈✐♦✉  ♦❢  ❡ ♦✉ ❝❡ ❡①  ❛❝ ✐♥❣ ✜ ♠ ✱ ❆✉   ❛❧✐❛♥ ❊❝♦♥♦♠✐❝  ❛♣❡  ✱ ✷✹✱ ✷✼✽✕✷✽✾✳
❬✾❪ ▼♦ ❡❛✉①✱ ▼✳✱ ❘❡②♥❛✉❞✱ ❆✳✱ ✷✵✵✻✱ ❯ ❜❛♥ ❢ ❡ ❤✇❛ ❡  ♥❡❡❞  ❛♥❞  ♣❛ ✐❛❧ ❝♦   ❡① ❡ ♥❛❧✐ ✐❡ 
❢♦  ❝♦❛  ❛❧ ❛ ✉✐❢❡  ✿ ❆  ❤❡♦ ❡ ✐❝❛❧ ❛♣♣ ♦❛❝❤✱ ❘❡❣✐♦♥❛❧ ❙❝✐❡♥❝❡ ❛♥❞ ❯ ❜❛♥ ❊❝♦♥♦♠✐❝ 
✸✻✱ ✶✻✸✲✶✽✻✳
❬✶✵❪   ♦✈❡♥❝❤❡ ✱ ❇✳✱ ❇✉  ✱ ❖✳✱ ✶✾✾✸✱ ❚❤❡ ❊① ❡ ♥❛❧✐ ✐❡  ❆  ♦❝✐❛ ❡❞ ✇✐ ❤  ❤❡ ❈♦♠♠♦♥   ♦♣✲
❡  ② ❊①♣❧♦✐ ❛ ✐♦♥ ♦❢ ● ♦✉♥❞✇❛ ❡ ✱ ❏♦✉ ♥❛❧ ♦❢ ❊♥✈ ✐♦♥♠❡♥ ❛❧ ❊❝♦♥♦♠✐❝  ❛♥❞ ▼❛♥❛❣❡✲
♠❡♥  ✷✹✱ ✶✸✾✲✶✺✽✳
❬✶✶❪ ❘♦ ❡ ❛✲ ❛❧♠❛✱ ❈✳✱ ✷✵✵✷✱ ● ♦✉♥❞✇❛ ❡  ▼❛♥❛❣❡♠❡♥  ❲❤❡♥ ❲❛ ❡  ◗✉❛❧✐ ② ■  ❊♥❞♦❣❡✲
♥♦✉ ✱ ❏♦✉ ♥❛❧ ♦❢ ❊♥✈ ✐♦♥♠❡♥ ❛❧ ❊❝♦♥♦♠✐❝  ❛♥❞ ▼❛♥❛❣❡♠❡♥  ✹✹✱ ✾✸✲✶✵✺✳
✷✶❬✶✷❪ ❘♦ ❡ ❛✲ ❛❧♠❛✱ ❈✳✱ ✷✵✵✸✱ ❏♦✐♥  ◗✉❛♥ ✐ ②✴◗✉❛❧✐ ② ▼❛♥❛❣❡♠❡♥  ♦❢ ● ♦✉♥❞✇❛ ❡ ✱ ❊♥✲
✈ ✐♦♥♠❡♥ ❛❧ ❛♥❞ ❘❡ ♦✉ ❝❡ ❊❝♦♥♦♠✐❝  ✷✻✱ ✽✾✲✶✵✻✳
❬✶✸❪ ❚ ✉ ✱ ❨✳✱ ❩❡♠❡❧✱ ❆✳✱ ✶✾✾✺✱ ❯♥❝❡  ❛✐♥ ② ❛♥❞ ✐  ❡✈❡  ✐❜✐❧✐ ② ✐♥ ❣ ♦✉♥❞✇❛ ❡   ❡ ♦✉ ❝❡
♠❛♥❛❣❡♠❡♥ ✱ ❏♦✉ ♥❛❧ ♦❢ ❊♥✈✐ ♦♥♠❡♥ ❛❧ ❊❝♦♥♦♠✐❝  ❛♥❞ ▼❛♥❛❣❡♠❡♥ ✱ ✷✾✱✶✹✾✲✶✻✶✳
❬✶✹❪ ❚ ✉ ✱ ❨✳✱ ❩❡♠❡❧✱ ❆✳✱ ✷✵✵✹✱ ❊♥❞❛♥❣❡ ❡❞ ❛ ✉✐❢❡  ✿ ● ♦✉♥❞✇❛ ❡  ♠❛♥❛❣❡♠❡♥  ✉♥❞❡ 
 ❤ ❡❛   ♦❢ ❝❛ ❛   ♦♣❤✐❝ ❡✈❡♥  ✱ ❲❛ ❡  ❘❡ ♦✉ ❝❡  ❘❡ ❡❛ ❝❤ ✹✵✱ ✶✲✶✵✳
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